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ABSTRACT

Recent advance in cryo-electron microscopy allows structural

determination of helical macromolecules without forming

crystals. A conventional reconstruction method for helical

structure is the Fourier-Bessel transform approach. However,

this approach often fails in some instances such as flexible and

disordered specimens. In order to overcome the drawbacks,

a single particle reconstruction approach has been recently

proposed. However, it often requires a good initial guess to

guarantee the convergence. This paper describes an accu-

rate model free maximum likelihood helical reconstruction

algorithm by exploiting the symmetry and sparsity, which

overcomes the drawbacks of the conventional methods.

Index Terms— helical macromolecule, electron mi-

croscopy, symmetry, sparsity, diffraction pattern

1. INTRODUCTION

Many macromolecules such as microtubule, actin and fila-

mentous viruses are naturally assembled into helical poly-

mers. Recent advance in cryo-electron microscopy allows

structural determination of helical macromolecules without

x-ray crystallography. The classical reconstruction method

for helical structures in electron microscopy is the Fourier-

Bessel transform approach that exploits the diffraction pat-

tern. However, the Fourier-Bessel transform approach often

fails in some instances such as flexible and disordered spec-

imens. For these type of specimens, a single particle recon-

struction technique called iterative helical real space recon-

struction (IHRSR) has been investigated as an alternative [1].

The main drawback of IHRSR is, however, that it does not of-

ten guarantee the correct reconstruction unless a good initial

estimate of unknown particle structure is available.
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This paper proposes a new ab initio maximum likelihood

helical reconstruction algorithm that encompasses the con-

ventional Fourier-Bessel approach and the single particle re-

construction methods. The main idea is to exploit the sym-

metry and the sparsity of the helical structure in real and re-

ciprocal spaces, respectively. Helical symmetry provides spe-

cific number of symmetric views determined by the number

of subunits per repeat. Even though the number of available

view from symmetry is not sufficient, the angular aliasing ar-

tifacts due to the limited views can be significantly reduced

by exploiting the sparsity of the helical structure in real space

using the compressed sensing [2]. Hence, as long as the helix

parameters are correctly estimated, a reasonable 3-D structure

can be obtained even from a single projection. If additional

projections for other segments are available, accurate align-

ment between segments may provide the sufficient number of

views for the best resolution 3-D reconstruction.

Therefore, the most important step in the proposed algo-

rithm is the estimation of the correct helix parameters. This

paper presents the maximum-likelihood approach, in which

the helical volume as well as the symmetry parameters are es-

timated by maximizing the likelihood. We can show the con-

vergence of our estimation algorithm using alternative mini-

mization technique.

2. CONVENTIONAL HELICAL RECONSTRUCTION
METHODS

The molecules making up the helix have periodic electron

density in the long direction. The symmetry of a helical struc-

ture can be determined by subunit axial translation zs and

azimuthal rotation angle φs. Under the lattice model, the

helical symmetric density model is defined by ρ(r, φ, z) =
ρ(r, φ + mφs, z + nzs), where m,n denotes any integer.

The Fourier-Bessel transform approach has been widely

used for reconstruction of helical structures. This approach

exploit the diffraction pattern in reciprocal space. However,

it is often difficult to apply the Fourier-Bessel algorithm to

some specimen such as flexible and disordered specimens.
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A real space approach based on single particle reconstruc-

tion techniques may allow many advantages over helical ap-

proaches in these aspects. One popular single particle recon-

struction method for helical structures is the iterative helical

real space reconstruction (IHRSR) [1]. To deal with the flex-

ibility of filament, the IHRSR first cuts the projection image

into short segments. Then, the reference projections are gen-

erated by rotating the 3-D model reference about the filament

axis. These reference projections are used with the raw im-

ages to determine several parameters that are applied to each

short segment images for alignment; then these aligned im-

ages are used with the known azimuthal orientation to gener-

ate a 3D reconstruction. In order to impose the helical sym-

metry, a least square search is implemented to first find the

(zs, φs) using the reconstructed volume, and then these pa-

rameters are then imposed to generate a new helically sym-

metric reference volume for next iteration. The process is it-

erated until convergence. In IHRSR, the initial estimate of the

helical structure is important since it is used to generate the

initial reference image. However, no formal proof has been

made and some authors have observed that the final recon-

struction is dependent on the initialization [3].

3. AB INITIO MAXIMUM LIKELIHOOD APPROACH

3.1. Diffraction Pattern Analysis

Beside (φs, zs) screw displacement, the helix can also have

pure rotational symmetry. For example, N -fold rotational

symmetry about its axis (CN point group), and sometimes di-

hedral symmetry (DN point group). Therefore, the complete

description of symmetry in helical macromolecules should

account for the screw displacement plus point-group symme-

try. For the case of complete helix, each layer line has non-

zero intensity on each side of meridian, and the distance be-

tween the layer line should be given by ΔZ = N/Ps, where

Ps denotes the pitch. The meridian intensities occurs at ev-

ery 1/zs intervals, where zs is the subunit axial translation.

Hence, the remaining symmetry parameter to be estimated is

the point group symmetry N , and the twist angle φs:

φs = ±2πzsΔZ

N
, N ∈ N

+, (1)

owing to the relationship φs = 2πzs/Ps and ΔZ = N/Ps.

Here, the positive φs implies the righthanded helix.

If the length of the helical segment are shorter than

2Ps/N , we cannot expect the first layer lines to appear at

N/Ps since the corresponding frequency resolution of the

short segment should be larger than N/Ps. Even in this

case, the subunit axial translation zs can be often calculated

as the reciprocal of the distance between the origin and the

nearest meridian reflection. Hence, the twist angle φs can be

estimated as

φs = ±2πt

u
, t ∈ N

+, u ∈ N
+ (2)

owing to the relationship zs/Ps = t/u, where t and u de-

note the number of helical twist per repeat and the number of

subunits per repeat, respectively. Hence, the unknown helix

parameters to be estimated are two integer numbers (t, u) and

the rotational group symmetry N .

Finally, in some measurement situation, only a distance

between adjacent layer line, ΔZ = N/Ps, can be measured.

In this case, we need to estimate both screw symmetry param-

eters (φs, zs) as well as the number of point group symmetry

N . Interestingly, even in this scenario, all the unknown pa-

rameter can be estimated using three integer-valued parame-

ters thanks to the following relationship:

φs = ±2πt

u
, zs =

1
ΔZ

tN

u
, t ∈ N

+, u ∈ N
+ , (3)

since zs = Pst/u and Ps = N/ΔZ.

3.2. Helix Parameter Estimation and Reconstruction

Then, how can we estimate the integer number (N, t, u) ?

To estimate these parameters accurately, we employ the pa-

rameter searching criteria based on maximum-likelihood ap-

proaches. Our model can be represented in discrete form by

Y = AR(N,t,u) + V (4)

where Y = [y0, · · · ,yK−1],R =
[
ρ0, · · · , ρK−1

]
,V =

[v0, · · · ,vK−1]. A is projection operator and vk is zero

mean Gaussian distribution, respectively. Here, ρk and yk

denote a helical structure at the k-th rotation/translation and

its corresponding projection image, respectively. Each ρk can

be represented as an affine transform from a reference helix

ρ0:

ρk = P(Δφk,Δzk)ρ0, (5)

where P(Δφk,Δzk) describes an affine transformation with ro-

tation of Δφk and axial shifting Δzk. We now define the un-

known parameter vectors Ξ and Θ:

Ξ =
[

ρ0 Δφ1 · · · ΔφN−1 Δz1 · · · ΔzN−1

]

Θ =
[

Ξ N t u
]

(6)

Assuming that noise for each projection measurement is

independent, the log-likelihood function is then given by

L(Θ) = log
K−1∏
k=0

P (yk|S, t, u, Δφk, Δzk, ρ0)

= − 1
2σ2

K−1∑
k=0

||yk − AP(Δφk,Δzk)ρ0||2 + α.(7)

Therefore, the optimal solution to maximum-likelihood ap-

proach corresponds to the parameter set Θ̂ that maximize the
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log-likelihood Eq. (7):

Θ̂ = arg max
Θ

log L(Θ) (8)

= arg min
Θ

K−1∑
k=0

||yk − AP(Δφk,Δzk)ρ0||2 (9)

The cost function in Eq. (9) can be further elaborated by not-

ing that helical symmetry and point group symmetry provides

symmetric projection views. Therefore, we have the follow-

ing cost function C(Θ):

1
uN

N−1∑
n=0

u−1∑
m=0

K−1∑
k=0

||yk − AP(mφs+Δφk+ 2π
N n,mzs+Δzk)ρ0||2 (10)

where the helical parameters (φs, zs) can be calculated for

a each (N, t, u). The direct minimization of C(Θ) is quite

complicated due to the coupling between the parameters.

Rather, we find that the decoupling of the cost function al-

lows computational efficient minimization. The minimum

cost C(Ξ̂, N, t, u) should be calculated first for all feasible

helix parameter (N, t, u), and we chose the optimal helix

parameter by comparing the individual cost function.

Step1. Initial Guess of Reference : For a given inte-

ger parameter (N, t, u), the unknown parameter to be es-

timated is the reference helix ρ0 and alignment parameter

(Δφk,Δzk)K−1
k=1 . However, the unknown parameters are

coupled to each other except at k = 0. For this type of prob-

lem, alternating minimization provides an computationally

feasible problem. For alternative minimization, a good ini-

tial guess is required to accelerate the convergence, and we

find that the initial guess of ρ0 can be readily obtained from

a reasonable criterion. Specifically, consider the following

maximum-likelihood of one projection measurement y0:

ρ̂0 = arg max
ρ0

log P (y0|ρ0) = arg min
ρ0

||y0 − Aρ0||2. (11)

However, since only single projection is available to estimate

the three dimensional structure of ρ0, the estimation problem

is severely ill-posed. Of course, the helical symmetry pro-

vides additional projection view at each (mφs, mzs)u−1
m=1, and

the minimization problem turns into

ρ̂0 = arg min
ρ0

1
uN

N−1∑
n=0

u−1∑
m=0

||y0 − AP(mφs+ 2πn
N ,mzs)ρ0||2 . (12)

Although additional views can be generated from a single pro-

jection due to the helical symmetry, it is not enough for rea-

sonable quality image reconstruction. However, for sparse

objects, the recent theory of so-called “compressed sensing”

[2] shows that perfect reconstruction is possible even from

samples dramatically smaller than the Nyquist sampling limit

by l1 minimization. Therefore, we employ the compressed

sensing technique for reconstruction of structure ρ0.

Step2. Parameter Refinement : After obtaining the es-

timate of ρ̂0, we need to minimize Eq. (10) with respect to

alignment parameters. More specifically, we generate the li-

brary of projections for each sampling points. Then, by min-

imizing the distance between the yk and the projection im-

ages within the library, we can readily find the corresponding

alignment parameters. After alignment parameters are esti-

mated, the initial model ρ0 can be further refined. Then, us-

ing the refined estimate of ρ0, the alignment parameter can be

further refined. This procedure continues until convergence.

Step3. Estimation of Helix Parameter : Recall that for a

fixed (N, t, u), Step 1 and Step 2 correspond to the following:

Ξ̂ = arg min
Ξ

C(Ξ, N, t, u) (13)

Therefore, the helix parameters and additional parameters for

discretization problem can be estimated by

(
N̂ , t̂, û

)
= arg min

(N,t,u)
Ĉ(Ξ̂, N, t, u) . (14)

4. EXPERIMENTAL RESULTS

4.1. Synthetic Helices

Fig. 1. A : A projection image. B : A projection image with

0db noise. C : The corresponding diffraction pattern.

We first tested our new algorithm using synthetic data.

The synthetic micrograph images were made by projecting

the synthetic model along several rotation angles and axial

transitions. To be sure that our algorithm perform under noise

data, we also added Gaussian noise to micrograph so that the

overall SNR equal 0dB. One of the synthetic projections and

the projections with noise are illustrated in Figs. 1(a) and (b),

respectively. The corresponding diffraction pattern is illus-

trated in Figs. 1(c). The layer pattern of this sample corre-

sponds to Type B and the unknown helix parameter is (t, u)
since only the subunit axial translation zs can be directly ob-

tained from the layer line pattern in Fig. 1(b). The estimation

provides that t is one, and u is nine. Figs. 2(a) and (b) denote

the three dimensional structure of the original synthetic model

and the final reconstruction structure when the 500 noiseless

helix projections with unknown view angles are available, re-

spectively. Figs. 2(c) illustrates the final reconstruction struc-

ture from 500 noisy helix projections. We can show that ac-

curate structures are obtained by our new method.
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Fig. 2. A : The synthetic microtubule structure. B : Final

reconstruction structure using noiseless 500 segments projec-

tion images. C : Final reconstruction structure using 500 seg-

ments projection image with 0db noise

4.2. Real P-pili data

Fig. 3. A : P-pili Micrograph. B : Boxed segments of P-pili.

C : Aligned segments. D : The average diffraction pattern

The bacterial attachment is a crucial initiating step in in-

fection. Organelles called P-pili mediate microbial adhesion

by binding to receptors in kidney cells. Therefore, high res-

olution reconstruction of P-pili structure contributes to clear

the binding mechanism as well as design the therapeutics for

preventing bacterial infections [4]. Figs. 3(a) is real P-pili mi-

crograph taken by cryo-EM using negative staining. Figs. 3

(b)(c) are boxed segments of filaments before and after align-

ment, respectively. Rotational angle and shift value can be es-

timated efficiently by using radon transform. Among aligned

particles, best 9,000 particles are finally selected for recon-

struction steps, and the average diffraction pattern is illus-

trated in Figs. 3 (d). The diffraction pattern corresponds to

Type C and the unknown parameters are (N, t, u). The esti-

mation provides that the number of strands is one, the number

of turns per repeat is ten, and the number of subunit per re-

peat is thirty three. From these estimated helix parameters,

we can obtain the rotation angle 109.1◦ and axial translation

7.54 Å. After the symmetry parameter estimation, more elab-

orated three dimensional structure can be generated from it-

erative reconstruction. Fig. 4 illustrates the final converged

three dimensional reconstruction result.

Fig. 4. Reconstructed P-pili structures using our algorithm

with respect to several threshold values.

5. CONCLUSION

This paper described a novel model free iterative reconstruc-

tion algorithm for helical structure by exploiting the helical

symmetry and the sparsity of the sample in the real space. We

showed that the helix parameters can be estimated by crite-

rion based on maximum-likelihood approach. Optimal values

can be easily obtained by comparing likelihood for all feasi-

ble parameters. Thanks to the diffraction analysis, we showed

that the parameter search space can be reduced to a space of 1,

2, or 3 dimensional integers, which drastically reduces the es-

timation complexity compared to the conventional single par-

ticle approach using real unknown parameters. We described

the compressed sensing approach to improve the accuracy of

the parameter estimation as well as the final reconstruction.

Experiment results confirmed that our algorithm provides su-

perior reconstruction of 3D helical structure.
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