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ABSTRACT

In a kVp switching-based sparse view spectral CT, each
spectral image cannot be reconstructed separably by an an-
alytic reconstruction method, because the projection views
for each spectral band is too sparse. However, the under-
lying structure is common between the spectral bands, so
there exists inter-spectral redundancies that can be exploited
by the recently proposed annihilating filter-based low rank
Hankel matrix approach (ALOHA). More specifically, the
sparse view projection data are first rebinned in the Fourier
space, from which Hankel structured matrix with missing
elements are constructed for each spectral band. Thanks
to the inter-spectral correlations as well as transform domain
sparsity of underlying images, the concatenated Hankel struc-
tured matrix is low-ranked, and the missing Fourier data for
each spectral band can be simultaneously estimated using a
low rank matrix completion. To reduce the computational
complexity furthermore, we exploit the Hermitian symme-
try of Fourier data. Numerical experiments confirm that the
proposed method outperforms the existing ones.

Index Terms— spectral computed tomography (CT),
sparse-view X-ray CT, annihilating filter, low rank Hankel
matrix

1. INTRODUCTION
X-ray computed tomography (CT) has been widely used for
diagnosis. Recently, for various applications such as tissue
characterization and material decomposition, spectral CT has
been developed. Note that the tissue or material components
can be distinguished via multiple X-ray energy spectra, be-
cause the attenuation coefficients of the components varies
along the spectral energy. However, compared to the single
spectral CT, the total radiation dose increases in proportion to
the number of spectral bins. To reduce the radiation dose, a
sparse-view spectral CT was investigated [1]. More specif-
ically, as illustrated in Fig 1(a), in this method, the X-ray
sources are switched sequentially. However, the projection
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view for each spectrum is sparse, so it is difficult to use an
analytic reconstruction.

To address this issue, total variation (TV) regularization
[2] term could be used. However, due to the simple spatial do-
main constraint that does not exploit the spectral domain cor-
relation, the reconstruction quality improvement is limited.
To exploit the spectral redundancies, several methods have
been proposed, among which robust PCA approach is well-
known [3]. Specially, the algorithm PRISM (prior rank, in-
tensity, and sparsity model) [3] estimates low-rank and sparse
components by modeling the common spectral image domain
feature as a low rank component.

In this paper, we propose a drastically different approach
for sparse-view spectral CT. Rather than exploiting the spec-
tral redundancy as a penalty function, the method is based
on a novel Fourier domain interpolation method that exploits
both spectral redundancies as well as transform domain spar-
sity of the underlying images. Then, the final reconstruction
images for each spectral band can be obtained using simple
FFT algorithms. In fact, one of the most important contri-
butions is that the spectral redundancies as well as transform
domain sparsity can be exploited by using recently proposed
annihilating filter-based low rank Hankel matrix (ALOHA)
approaches [4, 5]. By utilizing this property, the Fourier do-
main interpolation can be performed as a low rank Hankel
structured matrix completion problem. Numerical reconstruc-
tion results clearly showed that the proposed algorithm out-
performs the existing ones.

2. THEORY
2.1. Annihilation Property in Spectral CT
Let xi(r) denotes the i-th spectrum images. In our spectral
CT model, we assume that the spectral image can be repre-
sented as

xi(r) = si(r)f(r),

where f(r) is the underlying common structure image and
si(r) is the spectral sensitivity. We further assume that the
spectral sensitivity is sufficiently smooth. Then, under the as-
sumption that the underlying structure can be represented as
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Fig. 1. (a) For each spectral band projection data, the corresponding Fourier data with missing elements are obtained by
rebinning the data. (b) Spectral CT reconstruction framework. After missing views are interpolated in Fourier domain by
utilizing the inter-spectral redundancies and the transform domain sparsity, each spectral image is obtained using a simple FFT.

the sum of spline surfaces, we have the following approxima-
tion:

Lxi(r) ' si(r)Lf(r)

= si(r)

K∑
k=1

ckδ(r− rk)

'
K∑
k=1

cksi(rk)δ(r− rk), (1)

where L denotes the sparsifying transform operator such as
differential operator (which will be explained later further-
more), and {rk} denotes the discontinuity locations. For the
case of 2D images, the singularity is represented as curves,
and the aforementioned Dirac model may not be accurate, but
still serves our goal in discrete implementation. For exact rep-
resentation of 2D signals, see [6]. Then, the corresponding
Fourier transform is given by

F{Lxi(r)} = l̂(ω)x̂i(ω)

=

K∑
k=1

cksi(rk)e−j2πk
T rk , (2)

where l̂(ω) denotes the spectrum of the sparsifying transform.
Since the right hand side term is given as the sum of harmon-
ics, there exists annihilating filter ĥi(ω) such that

ĥi(ω) ∗ l̂(ω)x̂i(ω) = 0. (3)

In addition, we can exploit the annihilation property from the
inter-spectral annihilating relationship given as

ŝj(ω) ∗
(
l̂(ω)x̂i(ω)

)
− ŝi(ω) ∗

(
l̂(ω)x̂j(ω)

)
= 0, (4)

∀ω, i 6= j.

Accordingly, we construct a concatenated 2D Hankel matrix

X =
[
H {L̂� X̂1} · · · H {L̂� X̂E}

]
, (5)

where L̂ denotes the weighting matrix constructed from dis-
crete samples of l̂(ω), X̂i denotes the discrete samples of
x̂i(ω), � denotes the Hadamard product and H {F̂} is rep-
resented as

H {F̂} =


H{f̂0} H{f̂1} · · · H{f̂q−1}
H{f̂1} H{f̂2} · · · H{f̂q}

...
...

. . .
...

H{f̂n−q} H{f̂n−q+1} · · · H{f̂m−1}

,

with H{f̂j} ∈ C(m−p+1)×p denotes the 1D Hankel matrix
for the j-th column of F̂ , m× n and p× q denote the size of
image and filter, respectively. Then, it is easy to show that

XS1 = 0,
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Fig. 2. Sparse transform using a ramp filter with Ram-Lak
window.

where S1 is defined recursively as follows:

SE−1 ,

[
s̄E
−s̄E−1

]
(6)

St ,


s̄t+1 s̄t+2 · · · s̄E 0
−s̄t

−s̄t St+1

. . .
−s̄t

 , (7)

and s̄i := VEC(ŝi) denotes the reversed ordered, vectored
spectral modulation filter for the i-th channel. Because
dim NUL(X ) = rank(S1) =

(
E
2

)
= E(E − 1)/2, we

have

rank X ≤ kE − E(E − 1)

2
=
E(2k − E + 1)

2
. (8)

Therefore, X matrix is low-ranked, and the missing element
can be recovered by solving the following low rank matrix
completion problem:

min
X

‖X‖∗ (9)

subject to X =
[
H {M̂1} · · · H {M̂E}

]
PΩ(M̂i) = PΩ(L̂� X̂i), i = 1, · · · , E,

and Ω denotes the sampling indices and PΩ is the projection
operator on the index set Ω. This optimization problem can
be solved using a SVD-free structured matrix minimization
using ADMM [4, 5]. Specifically, the associate Lagrangian
cost function is given by

L(U,V,X ,Λ) := ιΩ(X ) + 1
2

(
‖U‖2F + ‖V‖2F

)
+µ

2 ‖X −UVH + Λ‖2F , (10)

where ιΩ(X ) denotes the indicator function. To minimize
the cost function L(U,V,X ,Λ), we employed a Alternating
Direction Method of Multipliers (ADMM) [4, 5].

2.2. Choice of Sparse Transform
Among the various choices of sparsifying transforms, here
we chose the ramp filtering with Ram-Lak window. The mo-
tivation for this choice is that this weighting is widely used
as a filtering process for filtered back projection (FBP) algo-
rithms in CT, and it produces edge images as shown in Fig 2
if we directly apply FFT type inversion without density com-
pensation. Moreover, unlike the Laplacian weighting or TV
weighting, the ramp filter with Ram-Lak weighting can con-
trol the noise boosting, which improves the performance of
low rank matrix completion in ALOHA.

In fact, one of the powerful nature of ALOHA is that even
though a sparsity imposing transform is not explicitly repre-
sented in spatial domain, as long as the corresponding spatial
image can be sparsified using a corresponding Fourier weight-
ing, the associated Hankel matrix in k-space is low-ranked,
which can be exploited to estimate the missing k-space data.

2.3. Complexity Reduction by Symmetry
In a kVp switching-based spectral CT, each spectral data is
sparsely sampled along the angle. Accordingly, the annihilat-
ing filter size for ALOHA should be bigger than the maximum
gap of radial sample. However, if the filter size is too big,
then the computation complexity increases significantly. To
reduce the computational complexity, we exploit the symme-
try of spectral data. Specifically, in spectral CT, the images
should be real-valued, so its k-space data should satisfy the
Hermitian symmetry. Thanks to the symmetry, the proposed
method is applied to the half of k-space, after which the re-
maining part of k-space data is easily estimated. Moreover,
we can apply the proposed method to each quadrant sepa-
rately.

3. RESULTS
Our switching-based spectral CT system was simulated us-
ing a parallel-beam geometry, but can be easily extended to
fan-beam geometry. For numerical experiments, we used 2D
XCAT phantoms which have difference linear attenuation co-
efficients on five spectral bands such as 30, 45, 60, 75, and
90 kVp. The phantom is 512 × 512 pixels, and the detector
array is 729 elements. For each spectral projection data, the
number of views was 24 views, so total 120 views were ac-
quired for all spectral projection data. The performance of
the proposed method was compared with those of the recon-
struction results by TV [2], and RPCA [3]. To evaluate the
performance quantitatively, the normalized mean square error
(NMSE) value were calculated.

Fig 3 shows the ground truth, and the reconstruction
results by TV, RPCA, and the proposed method. The TV
method does not consider the relationship between the spec-
tral images, which resulted in the severe distortion. The
RPCA method improved the structural component better than
the TV, since the RPCA method uses the spectral correlation.
However, there were significant blurring. Compared to the
other reconstruction results, the proposed method did not
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Fig. 3. The first column is ground truth for each spectrum. From the second to last column, each column illustrates reconstructed
images by TV for single-spectral sparse view, RPCA, and proposed method, respectively. Each row represents spectral images
at 30 kVp, 45 kVp, 60 kVp, 75 kVp, and 90 kVp. The NRMS value is written at the corner of the results.

produce any structural distortion and blurring effect. Fur-
thermore, NMSE value is lower than other reconstruction
results.

4. CONCLUSION
We proposed a novel reconstruction algorithm for a kVp
switching-based sparse-view spectral CT problem using the
recently proposed ALOHA algorithm. Even though each
spectral data is too sparse to provide high quality recon-
struction, by exploiting annihilation property originated from
inter-spectral redundancy and transform domain sparsity, the
missing Fourier data can be interpolated by a low rank Han-
kel matrix completion algorithm. Additionally, to reduce
the computation complexity of the proposed method, we
exploited the Hermitian symmetry of the Fourier data. Re-
construction results clearly demonstrated that the proposed
method outperforms the existing spectral CT algorithms.
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