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ABSTRACT
Frequency-domain diffusion imaging is a new imaging modality which uses the magnitude and phase of
modulated light propagating through a highly scattering medium to reconstruct an image of the scattering
and/or the absorption coefficient in the medium. In this paper, the inversion algorithm is formulated in
a Bayesian framework and an efficient optimization technique is presented for calculating the maximum a
posteriori image. Numerical results show that the Bayesian framework with the new optimization scheme
out-performs conventional approaches in both speed and reconstruction quality.

Keywords: optical diffusion tomography, Bayesian image reconstruction, shot noise statistics, generalized
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1. INTRODUCTION
Optical diffusion tomography has generated considerable recent interest, and its potential for imaging
in highly scattering media such as tissue, as an alternative to x-ray or ultrasonic tomography, has been
demonstrated.1'2 In this technique, with a red or near infra-red light source, the detected transmitted
light is used to reconstruct the absorption and/or the scattering properties of the medium as a function
of position. The low energy optical radiation presents significantly lower health risks than x-ray radiation.
Also, suitable sources and detectors are relatively inexpensive, making such an instrument considerably
less expensive than computed tomography (CT) and magnetic resonance imaging (MRI) systems.

An accurate model for the propagation of photons through tissue can be obtained from transport
theory.3 This model ignores the optical phase, treating the photons as particles. A solution can be
obtained by means of Monte-Carlo methods,4 which describes individual photon paths, or by means of the
diffusion approximation.' While the Monte-Carlo method can model the photon path more accurately, the
diffusion approximation is sufficiently accurate in highly scattering media such as tissue, and provides a
computationally tractable forward model. Therefore, we use the diffusion equation as our forward model.

The inverse problem of reconstructing the absorption and/or scattering coefficients from measurements
of scattered light is highly nonlinear because of the nonlinear coupling between the coefficients and the
photon flux in the diffusion equation. To facilitate the computation of the unknown coefficients, several
approaches attempt to locally linearize the inverse problem. For this class of problems, the Newton-
Raphson method has been commonly used with the Levenberg-Marquardt procedure based on a Taylor
series expansion.5'6'2'7

However, the Levenberg-Marquardt type algorithm which imposes a penalty on the L2 norm of the
update at each iteration, tends to over-smooth edges in the image or produce excessively noisy-images,
depending on the control parameter value. This is because the L2 penalty term for the new update is
not a regularization in the Tikhonov sense,8 but a "trust region" constraint for a nonlinear least squares
problem.9
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The artifacts due to poor regularization can be reduced by incorporation of a priori information using
a Bayesian framework. In this framework, the maximum a posteriori (MAP) reconstruction is often com-
puted by maximizing the posterior distribution. This Bayesian approach has been applied in many image
restoration and reconstruction problems.'°" More recently, Bayesian (or other regularization) methods
have been applied to nonlinear inverse problems such as microwave imaging, impedance tomography, and
optical imaging.'2'6"3

The individual approaches have differed both in terms of the prior model (or stabilizing functional) used
and the optimization algorithms employed to compute the MAP reconstruction. For example, Paulsen and
Jiang'2 added a quadratic regularization term to their previous formulation6 to stabilize the reconstruction.
Each iteration of the optimization performed a linearization (similar to the Born approximation), followed
by a full matrix inversion to solve the linearized problem. Saquib, Hanson and Cunningham proposed a
more computationally efficient algorithm for the time domain diffusion problem in which each iteration
alternates a linearization step with a single step of a conjugate gradient algorithm.'3 Arridge and Schweiger
adapted this method for the frequency domain diffusion tomography problem.'4 However, their method
is coinputationally expensive because the line search used for each conjugate gradient update requires
repeated evaluations of the forward model. Perhaps the research of Carfantan, Mohammad-Djafari and
Idier is most closely related to ours, in that they used exact single-site updates for each pixel.'5 They
observed that the single-site optimization had rapid convergence in terms of number of iterations. However,
each iteration of this method is computationally expensive, requiring 0(N2) complex multiplications.
Finally. we note that previous Bayesian approaches have not incorporated the physics of the measurement
noise into the Bayesian framework.

In this paper, we formulate the frequency domain optical diffusion inverse problem in a Bayesian
framework and derive the maximum a posteriori (MAP) estimate for the reconstruction. Although the
methodology we describe can in principle be applied in the general case of unknown absorption and
scattering coefficients, for simplicity we focus on the estimation of the absorption coefficient under the
assumption that the scattering coefficient is known.

Similar to the previous approach of Saquib, Hanson and Cunningham,'3 we use the generalized Gaussian
Markov random field (GGMRF) as a prior model of the unknown parameters. This results in stable and
edge preserving regularization for the optical diffusion imaging problem. In addition, we incorporate a
model for the detection statistics derived from the physics of the measurement system. This "shot noise"
model provides a natural scaling for the data, which is based on the square root of the time average of the
measurements. We believe that our approach is superior because it is based on the accuracy of the actual
measurements and is extendible to a wide variety of physical measurement systems.

Another contribution of this work is the introduction of a new optimization technique that we call the
iterative coordinate descent Born (lCD/Born) method. Each iteration of the lCD/Born method consists
of a linearization step using the Born approximation, followed by a single pass of the lCD algorithm.'6"7
Since the computational complexity of lCD/Born is 0(N), the method requires much less computation
per iteration than the exact single pixel update algorithm,'5 the Gaussian elimination technique for total
variation minimization,12 and the conventional distorted Born iterative method (DBIM) •18 Our numerical
results indicate that the lCD/Born method together with the Bayesian framework yields accurate and fast
reconstructions from synthetic data.

2. THE OPTICAL DIFFUSION TOMOGRAPHY PROBLEM
In a highly scattering medium with low absorption, such as soft tissue in the 650-1300 nm wavelength
range, the photon flux density is accurately modeled by the diffusion equation.1'19'20 More specifically, let
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/)k (7, t) be the photon rate per unit area generated at time t and position r due to a modulated point
source of light at position sk E ft Then, 'I)k(r, t) is given by the time domain diffusion equation as

-k(r,t) — V • D(r)Vk(r,t) + La(r)k(r,t) = S(t)6(r — Sk), (1)
C dt

where c is the speed of light in the medium, S(t) is the time varying photon source density, and D(r) is
the diffusion constant given by D(r) = 1/3ua(r) + (r)), where a(r) is the absorption coefficient, and
11ç(r) is the reduced scattering coefficient.

0 Source
Location

x Detector
Location

Figure 1. Simulation geometry with the locations of sources and detectors for inversion of synthetic data.
The sources and detectors are uniformly spaced along the edges.

Practical systems based on time domain measurements have been implemented,21'1 but these systems
tend to be expensive and noise sensitive. In order to circumvent these problems, we adopt a frequency
domain approach to the optical diffusion problem.22'6 To do this, we assume that the light source is
amplitude modulated at a fixed angular frequency w( 0), so that S(t) = Re[1 + fiexp(—jwt)], where
13 is the modulation depth. At the detector, the complex modulation envelope is then measured by
demodulating the in-phase and quadrature components of the measured sinusoidal signal i4'k (r, t) . This
technique allows low noise narrow-band heterodyne detection.23 By taking the Fourier transform of (1),
the partial differential equation that governs the complex modulation envelope çb (r, w) becomes

V . D(r)Vqk(r,w) + (a(T) +jw/c)çbk(r,w) = —6(r — sk). (2)

The region to be imaged is denoted by 1 and is surrounded by K point sources uniformly distributed
around the 2-D boundary at positions 3k E , and M detectors interspersed between the sources at
positions dm E 1 (Figure 1) . The reduced scattering coefficient ,a (r) is assumed to be known for all
points r E [, but the absorption coefficient a(r) in is unknown. The domain is discretized into N
pixels, where the position of the i-th pixel is denoted by r for 1 < i < N. The set of unknown absorption
coefficients is then denoted by the vector x where x = [ ta(i), . . , ,ua(TN) ]T. Using this notation, we may
express the forward model as a vector valued function f(x). The function f(x) then takes on the values
given by

f(x) = [fl(x),f2(x),... ,fp(x)IT
= [i(di,w),1(d2,w),... ,l(dM,W),2(dl,W),. .. .K(dM,W) 1T (3)

The measurements of the complex envelope q5k (dm, w) for source kand detector in are denoted by Ykm
We also organize the measurements as a single column vector of length P = KM,

iTY — L Y11,Y12," ,YKM . (4)
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Then, the MAP estimate, IAP, S given by

XMAP = argmax{ 1ogp(yx)+1ogp(x) }, (5)

where p(x(y) is the posterior density of x given y, p(yx) is the conditional probability density of y given
x, and p(x) is the prior density for the image.

3. MEASUREMENT AND PRIOR MODEL
111 this section, we derive an expression for the distribution p(yfx) in terms of the photon flux density
q k(din, w). The details of the model are derived in a recent publication24 and are based on a shot noise
model for the detected signal. In this model, the measurements are normally distributed with a mean
equal to the exact (noiseless) measurement and a variance proportional to the exact measurement at a
modulation frequency of zero (DC) . The density function for a single datum is given by24

1 Ykmk(dm,W)2P(YkmtX) = exp — . (6)
27iaqk(dm,w) 2ck(dm,w)

where c is a constant determined by the modulation depth and the physical characteristics of the detector.
We assume that the noise signals are independent for all source-detector pairs, so that the covariance
matrix C for the data vector y is diagonal and given by

cii k(dm,W)HYkmI , wherei =M(k—1)+rri (7)

To simplify notation, we define the diagonal matrix A by

A = C-'. (8)

The data likelihood is then given by

p(yx) =
NJA-l exp [Hiy - f(x)lI] (9)

where zI = zHAz, and H denotes the Hermitian transpose.

In many image reconstruction problems, the Markov random field (MRF) model has proved useful in
describing spatial correlations between neighboring pixels. MRFs have the property that the conditional
distribution of a pixel given all other pixels is only a function of the pixel's neighbors. A wide variety of MRF
models have been used.25'26'10" However, we use here the generalized Gaussian MRF (GGMRF) model
because it is both convex and scale invariant.26 The convexity of the potential function of the GGMRF
leads to continuous or stable MAP estimates, and the scale invariant property of the GGMRF potential
functions eliminates the necessity of choosing an edge threshold which is often required for non-Gaussian
potential functions.26 For the GGMRF model, the density function for x is given by

p(x) =
a'z(p) exp —

, 1 <p < 2. (10)
{z,j}/

Furthermore, since the absorption must be positive we also impose the constraint x > 0, j = 1,.. , N.
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4. lCD/BORN OPTIMIZATION TECHNIQUE
Referring to (5), (9), (10), and the positivity constraint, the MAP estimate for x is given by

2
XMAP = argmin y—f(:x)A+—- : . (11)

- p {i,j}EV

To compute the MAP reconstruction, we must perform the optimization (11). We choose to use the lCD
algorithm" for a number of reasons. First, it has been shown that lCD updates work well with non-
Gaussian prior models.'7 Second, the lCD algorithm is easily implemented with a positivity constraint.
On the other hand, a drawback of the conjugate gradient method is the difficulty of incorporating positivity

17

The lCD algorithm is implemented by sequentially updating each pixel of the image. After every pixel
has been updated, the procedure is repeated starting from the first pixel again. We refer to a single update
of every pixel in the image as a 'scan" . The lCD algorithm therefore consists of a number of scans until
some convergence criterion is satisfied. Each scan consists of N pixel updates. Each pixel update is chosen
to minimize the MAP cost function, so that the update of the absorption value of the -th pixel is given
by

argniin U — f()H + — xjP (12)
z— p jEA

where* = [x1, x2, • x_1, , , XN]T and .A/ is the set ofpixels neighboring pixel i. Note that x is
replaced by j before the next pixel update. However, a direct approach15 to the update equation of (12) is
very computationally expensive due to the highly nonlinear nature of the forward model f(x). Furthermore.
each evaluation of the function f(x) requires the solution of the full partial differential equation (2) for
each source.

The computational inefficiency is overcome by using the Born approximation at the beginning of each
scan, and we call this approach the lCD/Born algorithm. We use the integer n to index the scans of the
algorithm, and x' denotes the image after the n-th scan. At the beginning of the (n + 1)-th scan, the
approximation

y—f(x) y—f(x) —f'(x')zxII (13)

is used, where Lx = x —x and f'(x) represents the Fréchet derivative of f(x), which for the discretized
problem is the P xN complex matrix

LLL'1 _____
axi axN

f'(x) = .
(14)

8fp(x) 8fp(x)
aX1 aXN

and f'(x) denotes the Fréchet derivative computed for the absorption parameter estimate x72, and g(dm, r,w)
is the Green's function for the frequency domain diffusion equation (2). For the discretized domain,
Xj = pc(ri) — ,t4(r) and the elements of the matrix f'(x) in (14) are approximated as7

3fi(dm,) = g(d,rj,w)(rj,w) {_i +
ii(ri)

}
A. (15)

Dxi t(r) + /28(r)
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where A is the pixel area, 1 = M(k — 1) + m, and g(d, r, w) is a Green's function for frequency domain
diffusion equation (2). After the n-th scan, f(x) and f'(xTh) are calculated by computing g(dm, r, w)
and T/5k(Tj, w) of (15) using a linear PDE solver for the diffusion equation (2) with the n-th estimate of
absorption coefficient, x'.

In an lCD scan, each pixel is updated in turn, and the new value is given by

i = argmin , (16)2 p jEj
where [f'(x')] is the i-th column of the Fréchet derivative matrix. To compute the solution to (16), we
expresses the first term as a quadratic function of ff to obtain the expression

02 1i = argmin , (17)
—

where Oi and 92 are given by

01 = —2Re
[ [f'(xn)*j]HAe(i)] , 02 2[f(xn)j]HAff(xTh), (18)

and the error vector e() for the first pixel is

e(1) = y—f(xTh), (19)

and for subsequent pixels is updated as

e(i + 1) = e(i) - x). (20)

Solution of (17) requires minimization of a one-dimensional function. We achieve this by solving for the
root of the derivative of the expression in the square brackets in (17), i.e.,

61+82(XiX)+ = 0. (21)a
jEA1

This root-finding procedure is done using a half-interval search because the function in (21) is monotone
decreasing.'

5. COMPUTATIONAL COMPLEXITY
In this section, we compare the computational cost of our lCD/Born method with the conventional DBIM.
This is done by counting the number of complex multiplications (referred to here as cflops) required for one
update of the whole image. Recall that one complete iteration or scan of the lCD/Born method implies
a single update of each pixel in the image formed by the unknown absorption coefficients. Table 1 sum-
marizes the computational complexity analysis, and Table 2 gives comparisons in the number of complex
multiplications for two typical cases

We first analyze the lCD/Born algorithm. The computational cost for evaluating an element of the
Fréchet derivative f'(x') in (14) consists of calculating the Green's function of (2), the flux k(rj, w), and
evaluating (15). Evaluation of qk(rj, w) requires K forward solutions of (2), one solution for each source
location. The evaluation of the Green's function in (15) implicitly involves placing a source at each grid
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)IU3IM
(ctlops)

IGD/Bon
(ctlops)

Green's function and cbk update
Fréchet derivative
Pixel update

5(M + K)LN
(2MK + 2)N

2(MK)2N — (MK)3/3

5(M + K)LN
(2MK + 2)N

5MKN
Total order of computation 2(MK)2N + 5(M + K)LN 7MKN + 5(M + K)LN

Table 1. Computational complexity of the DBIM. and the lCD/Born method in terms of the number of
complex multiplications per iteration.

Parameters

PLDBIM = lO,LJCD = lO,K = 12,M = 12,N =: 332
3I)

45,790,290

ICLU'BO n
(ctJops

2,406,690

Speed up
19 to 1

= 30, LICD = 20, K = 12, M = 12, N = 332 48,403,890 3,713,490 13 to 1
LDBIM = 30,LICD = 30,K = 54,M = 54,N = 333 6.034 x 1011 1.316 x i09 459 to 1

Table 2. Comparison of the computation required (complex multiplications) for one iteration of the DBIM
and the lCD/Born method.

point r and computing the flux at each detector point dm, which requires N forward solutions. This
computational cost can be dramatically reduced by using reciprocity27 of k (r, w) in (2) so that

g(dm,rj,w) = g(rj,dm,w). (22)

Hence, we can place a source at each detector point, thereby requiring only M << N forward solutions.
Furthermore, to compute the Green's function and flux for the new parameter x+1 , we can use the
corresponding values from the previous iteration as initial guesses in an iterative solver. Since the lCD/Born
algorithm typically produces a small change (x' x), this approach gives rapid convergence by reducing
the number of iterations required for the forward solver. Using a standard five point Laplacian discrete
approximation, each forward iteration of (2) by an iterative linear solver (e.g. S0R28) requires 5N complex
multiplications. Therefore, the total multiplications required for the Green's function and flux update is
5(K + M)LN, where L is the number of iterations required for the linear solver. In addition, (2MK + 2)N
multiplications are required to fill the Fréchet derivative matrix in (14).

The solution of (21) is usually computationally inexpensive since the neighborhood A' typically contains
only a few pixels. Therefore, the computation is dominated by the calculation of 8 and °2 in (18). Since
the number of columns of f'(x) is MK and A is diagonal, the number of multiplications required to
compute an individual value of O is 2MK. Similarly, the update of 2 S also 2MK. In addition, the
update of the projected error vector e(i + 1) requires MK multiplications. Therefore, the total number of
multiplications required for the pixel update is 5MrKN. This results in a total computational cost for the
lCD/Born method of 5(M + K)LN + (7MK + 2)N complex multiplications per iteration.

To compare this result with the computational cost for DBIM, let us first briefly explain the DBIM
algorithm. In the DBIM, a new parameter estimate is computed from the perturbation equation using
a trust region constraint, where the Fréchet derivative f'(x) is again defined as in (14) and (15). Each
iteration of the DBIM also requires the computation of the Fréchet derivative and a regularized inverse. If
we use the same linear solver for the computation of the Green's function and flux, and if we also use the
reciprocity relation (22) , the number of multiplications required for the Fréchet derivative update is again
5(M+K)LN, where the iteration number L must typically be chosen to be larger due to the greater change
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in x for each DBIM iteration. To fill in the Fréchet derivative (14) a total of (2MK + 2)N multiplications
is again required. The computational cost for the regularized inverse using QR-decomposition is at least
2(MK)2N — (MK)3/3.28 Therefore, the total number of multiplications for a complete update of the
DBIM is 5(M + K)LN + 2((MK)2 + MK + 1)N - (MK)3/3.

Table 1 summarizes the computational complexity results. The bottom row of the table lists the
dominant (i.e. highest order) terms for each method. Notice that the essential difference is that the
DBIM contains a (MK)2N term, whereas lCD only contains a MKN term. This difference is particularly
significant as the number of sources and detectors grows.

The computational advantage of lCD/Born algorithm over the DBIM becomes clear when we use actual
numbers. Table 2 shows the number of complex multiplications required when we use M = 12 detectors,
K = 12 sources, and N = 1089 pixels (e.g. a 33 x 33 discretization domain). As discussed earlier. the
number of the forward linear solver iterations for the two algorithms will vary. We used the MUDPACK
(multigrid software for elliptic partial differential equations) libraries29 as our forward solver, and controlled
the number of iterations by setting the relative error tolerance in MUDPACK.29 Therefore, the number of
forward solver iterations varies dynamically with respect to x. For the results shown in Table 2, we picked
typical iteration numbers LDBIM and LICD that we believe to be reasonable. These choices are justified
later by Table 3 which shows the actual CPU time per iteration.

Two cases are considered, one which uses the same number of forward iterations for both methods, and
one which uses different numbers of forward iterations. The results listed in Table 2 show that for these
two cases the computation using the lCD/Born method is reduced by a factor of 13 and 19 as compared to
the DBIM. The bottom row of the table lists the estimated complex multiplications for a three-dimensional
reconstruction scenario with similar geometry. We can see that for this case the computational speedup of
the lCD/Born method is dramatic.

DBIM lCD/Born (p = 2.0) lCD/Born (p = 1.1)
CPU time per iteration 4 sec 0.228 sec 0.318 sec

Table 3. Average CPU time per iteration for the first simulation (Figure 2).

6. NUMERICAL RESULTS
Simulation results are presented here to assess the performance of the new algorithm. The entire region,
c (including the homogeneous background) is considered unknown. A total of 12 sources and 12 detectors
are located uniformly over the boundary of a 8cm x 8cm domain, as shown in Figure 1.

To illustrate the effect of noise on the stability of the algorithm, random noise with a complex Gaussian
distribution is added to the measured flux data. For the simulations, the image is discretized on a 33 x 33
grid. In all the simulations, the scattering coefficient is set to a constant value = 1O.0cm1 . The
simulation was performed on a Sun Ultra Sparc 30.

Figure 2(a) shows the original ,ua image used for the first numerical experiment. Figure 2(b) shows
the DBIM reconstruction result.7 The reconstruction shows a high noise level and incorrect peak heights.
This is due to the L2 norm used in each update as a trust region constraint, which does not have a
noise smoothing effect. For the GGMRF prior model, we used an eight-point neighborhood system, with

= (2v + 4)' for nearest neighbors and = (4V' + 4)' for diagonal neighbors. The MAP
reconstructions were computed by running the lCD/Born algorithm with a positivity constraint. The
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stopping criterion used was a fixed CPU time of 60 seconds (in order to allow comparison of the two
algorithms). Figure 2(c) shows the MAP reconstruction for a Gaussian prior (p =2, a = 1 .0 x iO), while
Figure 2(d) gives the reconstruction for p = 1 .1 and a = 2.3 x iO . The reconstruction using the Gaussian

prior (p = 2) reduces the background noise compared to the reconstruction by the DBIM, but suffers from
some smoothing of the edges as the price for noise suppression. The boundaries can be sharpened by using
a larger value of a, but at the expense of larger noise artifacts. Sharper edges and good noise suppression
are obtained for p = 1.1 (Figure 2(d)). Here, due to the edge preserving nature of the GGMRF prior, the
edges are more noticeable in the reconstruction while suppressing the noise.

Figure 3(a) shows a plot of the normalized root mean square error (NRMSE) in aversus CPU time for
this simulation, which illustrates that the DBIM eventually diverges. This is again due to the insufficient
regularization of the DBIM.18 Figure 3(b) shows a plot of cost function in (11 versus iteration for the
ICD/Borii method with p = 2.0 and p = 1.1 for the above simulation. Note that the lCD/Born is very
stable and has reasonably fast convergence. The convergence behavior of lCD/Born is also consistent with
a previously described single site update algorithm.'5

Figure 4 shows a variety of more complicated absorption images. Reconstructions using the lCD/Born
method for these images are shown in Figure 5. The parameters used for the reconstructions and the
final NRMSE are given in the caption to Figure 5. In each case, the reconstructions are accurate both
quantitatively and qualitatively, demonstrating that our new algorithm performs well on more complex
images.

7. CONCLUSION
We have formulated the optical diffusion inverse problem in a Bayesian framework and implemented a
maximum a posteriori (MAP) reconstruction of the absorption coefficient. The Bayesian framework en-
ables incorporation of prior knowledge of the unknown parameters as well as detection statistics. As an
optimization technique for the Bayesian framework, we developed a new method which combines the it-
erative coordinate descent (lCD) and the Born approximation which we call the lCD/Born method. This
method significantly reduces the computational complexity as compared to methods such as the conven-
tional distorted Born iterative method (DBIM). Numerical simulations show that the Bayesian framework
together with the lCD/Born method significantly improves the quality of reconstructions.
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Figure 2. Reconstruction results for pa: (a) original absorption image; (b) reconstruction by the DBIM;
(c) reconstruction by the new algorithm with a Gaussian prior (p =2.0, a = 1.00x iO); (d) reconstruction
by the new algorithm with a GGMRF prior (p = 1.1, a = 2.31 x 10).

(a) (b)

Figure 3. (a)Normalized root mean square error (NRMSE) versus CPU time for the lCD/Born method
(with p = 1.1 and p = 2) and the DBIM. (b) Cost function (log scale) versus iteration for the lCD/Born
algorithm with p = 1.1 and p = 2.
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Figure 4. A variety of true absorption images used for simulations.

Figure 5. Reconstructions of the absorption images shown in Figure 4 using the lCD/Born algorithm
with the GGMRF prior with p = 1.1 and a = 2.31 x i0'. NRMSE values for the final reconstructions
are: (a) 1.25 x 10_i, (b) 7.70 x 10_2, (c) 2.18 x 10, (d) 8.34 x 10_2, (e) 1.26 x lOt, (f) 2.08 x 10_i.

FLJ

0
X(cm)

[a lbdIejjJ

Downloaded From: http://proceedings.spiedigitallibrary.org/ on 09/28/2016 Terms of Use: http://spiedigitallibrary.org/ss/termsofuse.aspx


