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ABSTRACT

In dynamic MRI, spatio-temporal resolution is a very impor-

tant issue. Recently, compressed sensing approach has be-

come a highly attracted imaging technique since it enables

accelerated acquistion without aliasing artifacts. Our group

has proposed an l1-norm based compressed sensing dynamic

MRI called k-t FOCUSS, which outperforms existing meth-

ods. However, it is known that the restrictive conditions for

l1 exact reconstruction usually cost more measurements than

l0 minimization. In this paper, we adopts a sparse Bayesian

learning approach to improve k-t FOCUSS and achieve l0 so-

lution. We demonstrated the improved image quality using in
vivo cardiac cine imaging.

Index Terms— Dynamic MRI, Compressed sensing, l1
minimization, Sparse Bayesian learning

1. INTRODUCTION

In dynamic MRI for imaging moving objects, simultaneous

improvement of spatial and temporal resolution is highly re-

quired. Conventional MR imaging methods rely on Nyquist

sampling theory, which imposes a significant limitation in

improving spatio-temporal resolution. In cardiac cine imag-

ing, to resolve this limitation, ECG gating is used which en-

ables data acquisitions during multiple heartbeats. However,

breath-holding is required to avoid motion artifacts. There-

fore, accelerated data acquisition is really essential for its suc-

cess.

Recently, sparse approximation of unknown signals has

become a main research interest, since it provides a clue to

break Nyquist sampling limit. Since dynamic MRI can be

easily sparsified by exploiting temporal redundancies, it is a

very important application of such sparse approximation.

According to [1], when the unknown signal is very sparse,

by minimizing l0-quasi norm, exact reconstruction is pos-

sible from very small number of measurements. However,

since l0 minimization is NP-hard, it is computationally infea-

sible. Instead, the emerging sampling theory, “compressed
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sensing” [2], tells us that l0 minimization solution can be ob-

tained by solving an l1 convex optimization with additional

over-sampling factors. There have been a large number of

researches applying the compressed sensing theory to MRI

[3, 4, 5]. Among them, k-t FOCUSS [4, 5] is one of the suc-

cessful approaches for dynamic MRI. k-t FOCUSS achieves

an l1 minimization by iteratively solving a reweighted l2 min-

imization problem. Furthermore, by applying motion estima-

tion and compensation (ME/MC) to make the residual signal

sparse, more accurate reconstruction can be achieved [5].

Even though k-t FOCUSS has been successful in dynamic

MRI, there is more room for improvements. Recall that l1
minimization requires more number of measurements than l0
minimization to achieve l0/l1 equivalence. From this aspect,

non-convex lp (0 < p < 1) norm minimization has been

recently investigated in MRI [6]. However, since lp mini-

mization is not a convex optimization, the number of local

minima increases combinatorially. Meanwhile, there have

been Bayesian approaches that interpret the l0 or l1 mini-

mization as a priori distribution of the unknown solution. Un-

der the Bayesian framework, the compressed sensing can be

explained as maximum a posteriori (MAP) estimation. Fur-

thermore, rather than explicitly specifying priors, by empir-

ically updating the sparse information for each pixel, sparse

Bayesian learning (SBL) is shown to avoid many local min-

ima of l0 cost function and achieves the l0 solution directly

[7]. Furthermore, for multiple measurement vector case, SBL

is the only algorithm up to now that is guaranteed to achieve

the “global” l0 optimal solution under some restricted condi-

tions [7].

Therefore, this paper employs the SBL to improve k-t

FOCUSS. It was found out that FOCUSS and SBL are very

closely related to each other, so the modification of k-t FO-

CUSS is minimal. However, in achieving the l0 minimiza-

tion, we found that many small components are forced to be

zero if the signal is not perfectly sparse but rather compress-

ible. This implies that unlike the k-t FOCUSS, the spatial

domain sparsifying transform is essential to reduce the arti-

facts in SBL. Hence, we apply a phase encoding directional fi-

nite difference to sparsify the coefficients. Since neighboring

pixels usually have similar motion characteristic, finite differ-

ence along the phase encoding direction allows large parts of
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coefficients to be zero. The proposed method showed supe-

rior performance over k-t FOCUSS at large down sampling

ratio.

2. THEORY

2.1. k-t FOCUSS and MAP estimation

From compressed sensing perspective, the sparse approxima-

tion for dynamic MR imaging problem can be stated as fol-

lows:

min ||ρ||1, subject to ||υ − Fρ||2 ≤ ε. (1)

Let the down-sampled k-space data be stacked in a vector υ
with size of N . Then, the sensing matrix F ∈ C

N×M (N <
M) can be represented as F = FxFt, where Fx and Ft rep-

resent down sampled Fourier transform along phase encoding

direction-x and Fourier transform along temporal direction-t,
respectively. Since Fourier transform along temporal direc-

tion sparsely represents dynamic MR images especially when

objects have periodic motions, ρ can be sparsely represented

with a M -dimensional stacked vector of unknown x-f spec-

trum.

The solution of Eq (1) is achieved using a reweighted l2
minimization in k-t FOCUSS [4] by iteratively solving the

following equation:

ρ̂n+1 = ΘnFH
(
FΘnFH + λI

)−1
υ, (2)

where Θn is updated at each iteration by

Θn+1 = diag([|ρ̂n+1(1)|2−p, · · · , |ρ̂n+1(M)|2−p]). (3)

When p = 1, k-t FOCUSS solves an l1 minimization prob-

lem. Choosing an arbitrary value in (0, 1), k-t FOCUSS is

also known to achieve the lp minimization, but have many

local minima [7].

Interestingly, the derivation of the above solution can be

recast in Bayesian terms by applying an exp[−(·)] transform

to Eq. (1) as explained in [7]. This derives a Gaussian like-

lihood function p(υ|ρ) and a priori distribution p(ρ) as fol-

lows:

p(υ|ρ) ∝ exp[− 1
λ
||υ − Fρ||22]

p(ρ) ∝ exp[−||ρ||p]. (4)

A priori distribution for Eq. (1) corresponds to p = 1. Then,

Eq. (1) can be interpreted as a MAP estimation as follows:

ρ̂ = arg max
ρ

p(υ|ρ)p(ρ)

= arg max
ρ

p(ρ|υ). (5)

Then, using the expectation maximization (EM) algorithm

with a set of latent variables θn = [θn(1), · · · , θn(M)] re-

lated to ρ, Eq. (5) can be solved as follows:

E-step : θn(i) = |ρ̂n(i)|2−p, ∀i = 1, · · · ,M

M-step : ρ̂n+1 = ΘnFH
(
FΘnFH + λI

)−1
υ, (6)

where Θn = diag(θn). The solution and update equation is

exactly same with k-t FOCUSS.

As p(ρ) is a priori distribution of unknown ρ, as p → 0
in Eq. (4), p(ρ) has a higher probability at ||ρ||p → 0. This

means that sparse solution has a higher likelihood. However,

if p < 1, the optimization is not convex so that the number

of local minima combinatorially increases. For example, if

the desired solution has D ≤ N non-zero elements without

noise, lp minimization has
(
M
N

) − (
M−D
N−D

)
+ 1 local minima

[7]. Therefore, we cannot guarantee that the lp (0 < p < 1)

minimization always solves a sparser solution than l1 mini-

mization.

2.2. SBL: Empirical Bayes

To address this problem, SBL [7] uses an empirical prior,

which is a flexible priori distribution dependent on a set of

unknown hyperparameters that must be estimated form the

data. More specifically, instead of specifying lp norm, SBL

imposes sparsity for each unknown pixel by assuming zero

mean Gaussian distribution:

p(ρ(i);θ(i)) = N (0, θ(i)), (7)

where θ(i) is a hyperparameter corresponding to an unknown

variance of ρ(i). By combining all of the priors, a full prior

can be obtained as follows:

p(ρ;θ) =
M∏
i=1

p(ρ(i);θ(i)). (8)

Then, the posterior density of ρ is obtained with

p(ρ|υ; θ) =
p(ρ,υ; θ)∫
p(ρ,υ; θ)dρ

= N (ρ̂,Σ), (9)

with mean and covariance given by:

ρ̂ = ΘFH(λI + FΘFH)−1υ, (10)

Σ = Θ − ΘFH(λI + FΘFH)−1FΘ, (11)

where Θ = diag(θ). From Eq. (10), when θ(i) = 0, ρ̂(i)
is zero with probability of 1 as desired. Therefore, sparsity

of ρ is determined by the sparsity of hyperparmeters θ. In

other words, estimating the hyperparamters θ is equal to a

model selection of a priori distribution. In this context, esti-

mating sparse hyperparameters is the only problem we have
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to address so that the unknown signal ρ can be integrated out.

Then, the maximum likelihood of θ can be calculated by min-

imizing the following cost function:

L(θ) = −2 log
∫

p(υ|ρ)p(ρ;θ)dρ = −2 log p(υ; θ)

= log |λI + FΘFH | + υH(λI + FΘFH)−1υ.

(12)

Taking a derivative of Eq. (12) with respect to θ, the mini-

mizer can be achieved with the following fixed point iteration:

θn(i) =
|ρ̂n(i)|2

1 − θn−1(i)−1Σ(i, i)
, ∀i = 1, · · · ,M, (13)

where ρn and Σ(i, i) are updated by mean and diagonal com-

ponents of variance of Eq. (9) as given in Eq. (10) and (11),

respectively. Finally, the optimal solution ρ̂ is achieved by

Eq. (10) when θn converges. Even if SBL does not appear to

directly minimize l0 norm of unknown signals ρ, it is proved

that the globally optimal solution of SBL is equal to the solu-

tion of l0 minimization of ρ [7].

Interestingly, the only difference between MAP approach

and SBL comes from the update equation of θn. Furthermore,

if the denominator of Eq. (13) is a constant, the update rule

of SBL becomes exactly same with that of k-t FOCUSS with

p = 0. However, surprisingly, this enables the size of lo-

cal minima set of SBL to be much smaller than that of MAP

estimation [7]. More specifically, [7] showed that the set of

local minima of SBL is a subset of basic feasible solution that

is equal to the set of local minima of l0 minimization under

the so-called unique representation property condition. Fur-

thermore, the size of local minima set of SBL is significantly

shrunk by following necessary condition for local minima of

SBL. Intuitively, if we found an optimal sparse solution ρ̂
(||ρ̂||0 = D0 ≤ N ) and a set of columns F̃ ∈ C

N×D0 in F
corresponding to the non-zero components of ρ̂, the similarity

between the measurements υ and a column x should be mini-

mal for ∀x ∈ F̃c, where F̃c represents a complement set of F̃
in F. The similarity can be indirectly checked by comparing

the solutions of ρ∗ = F̃−1υ and v∗ = F̃−1x. Interestingly,

SBL cost function Eq. (12) measures the similarity between

ρ∗ and v∗; and then the necessary condition for local minima

of SBL can be derived as follows [7]:

∑
i�=j

�(v∗(i))�(v∗(j))
�(ρ∗(i))�(ρ∗(j))

≤ 0, ∀x ∈ F̃c, (14)

where � indicates real parts. Eq. (14) implies that the sign

patterns of v∗ and ρ∗ should be very different at local mini-

mizers of SBL. Eq. (14) is the additional constraint which fil-

ters out the most of the local minimizers in the case of MAP

approach. For detailed proof, refer to [7]. Accordingly, SBL

can achieve sparse solution with much higher probability than

conventional MAP estimation.

3. IMPLEMENTAL ISSUES

To successfully employ SBL into dynamic MRI, we have to

consider the characteristic of dynamic MRI. Unlike the case

where we have derived the optimality of SBL, it is not easy

to make the most of pixels become exact zero. More specif-

ically, sparsifying transform such as Fourier transform along

temporal direction makes the spectrum sparse, but not the im-

age along phase encoding direction. In order to resolve this

problem, a discrete integrator Kx was applied along phase

encoding direction. Then, the sensing matrix F is redefined

as F = FxFtKx and the unknown coefficients correspond to

finite difference. This finite difference scheme allows many

of pixels to approach to zero. In contrast, we observed that

this kind of spatial sparsifying transfrom was not necessary

in k-t FOCUSS especially solving l1 minimization, as will be

discussed later. This different behavior comes from the up-

date rules of SBL and k-t FOCUSS. k-t FOCUSS updates Θ
with power factor of 1 in Eq. (3), while SBL updates Θ with

power factor of 2 in Eq. (13). This induces pruning process

relatively slowly in k-t FOCUSS at p = 1. Therefore, as done

in SBL, at p = 0, a discrete integrator can also improve the

performance of k-t FOCUSS but the improvement was mini-

mized as shown in Figure 1. Note that the improvements of

SBL over k-t FOCUSS are derived from the denominator of

Eq. (13) that is not a constant and adapted from the covariance

update.

4. EXPERIMENTAL RESULTS

We have acquired 25 frames of full k-space data from a car-

diac cine of a patient at a 1.5 T Philips scanner. The field of

view (FOV) was 345.00×270.00mm2, and the matrix size for

scanning was 256 × 220, which corresponds to 256 samples

in frequency encoding and 220 phase encoding steps. From

these full data sets, we only used 8-fold or 13-fold randomly

down sampled data for reconstructions.

First, in Figure 1, we compared the performance of k-t

FOCUSS and k-t SBL at 8-fold down sampling. As previ-

ously mentioned, in k-t FOCUSS at p = 1, a discrete inte-

grator does not improve image qualities. In both cases with

and without a discrete integrator, heart motions are blurred as

indicated with arrows. Meanwhile, in k-t FOCUSS at p = 0
and k-t SBL, when a discrete integrator is not used, line pat-

tern artifacts are observed. However, using a discrete integra-

tor, the x-t images can be correctly recovered with finer heart

motions. Furthermore, in MSE plots, it is confirmed that k-t

SBL outperforms k-t FOCUSS. At all of the time points, k-t

SBL provides the smallest errors.

In Figure 2, the reconstructed images from k-t FOCUSS

(p = 1) and k-t SBL are compared at 13-fold down sampling.

k-t SBL reconstruction shows finer image structures. MSE

plot also shows the smaller error in k-t SBL at all of the time

points.
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Fig. 1. Reconstructed x-t images and MSE plot for k-t FO-

CUSS and k-t SBL at 8-fold down sampling.
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Fig. 2. Reconstructed images and MSE plots for k-t FOCUSS

and k-t SBL at 13-fold down sampling.

5. CONCLUSION

This paper described an optimal dynamic MR imaging algo-

rithm derived from an empirical Bayesian method. Instead of

specifying lp (p ≤ 1) norm, assuming a flexible prior which

can be updated from measured data, more accurate sparse so-

lution could be obtained. Furthermore, incorporating a dis-

crete integrator into our algorithm, the sparse solution could

accurately represent dynamic MR images.
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