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Abstract— For high quality MR imaging of time-varying 
objects such as beating heart or brain hemodynamics, fast 
signal acquisition is required without sacrificing the spatial 
resolution. Recently, we proposed a novel parallel imaging 
algorithm for dynamically varying objects. The new algorithm, 
called x-f SENSE (x-f space SENSitivity Encoding), optimally 
reduces the data acquisition rate by exploiting the temporal 
redundancies and sensitivity diversities in a phase array coil. 
The acceleration factor of the x-f SENSE is up to the product 
of those of the parallel imaging algorithm and the optimal 
spatio-temporal encoding algorithm. Furthermore, the recon-
struction algorithm of x-f SENSE is as simple as the ordinary 
SENSE. Due to its simplicity and the optimal acceleration 
factor, x-f SENSE can be immediately used in practice.  
However, reconstruction image quality is very dependent on 
the measurement noise level. This paper is devoted to evaluate 
the reconstruction noise variance of the x-f SENSE by analyz-
ing the coil sensitivity and noise covariance between the coils. 
Based on the performance in noisy environments, we again 
confirm that the x-f SENSE is a very powerful algorithm for 
fast varying dynamic images in practice. 
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I. INTRODUCTION 

Dynamic MRI involves the acquisition and reconstruction 
of time varying images such as beating hearts or brain he-
modynamics. Fast imaging sequence such as echo-planar 
imaging (EPI)[1] has been widely used in practise; howe-
ver, EPI sacrifices the image quality to achieve high tempo-
ral resolution. Instead of solely resorting to fast imaging 
sequence, considerable research efforts have been made to 
produce high temporal and spatial resolution images by 
exploiting inherent redundancies during data acquisition. 
For example, parallel imaging methods such as SMASH 
(SiMultaneous Acquisition of Spatial Harmonics)[2], 
SENSE (SENSitivity Encoding) [3], and GRAPPA (Gene-
Ralized Autocalibrating Partially Parallel Acquisitions)[4] 
reduce the scan time by skipping the phase encoding lines in 
the k-space by exploiting the diversity of coil sensitivity 
information in phase array RF coils. Unlike the parallel 
imaging method, temporal filtering techniques such as 
UNFOLD (UNaliasing by Fourier-encoding the Overlaps 

Using the temporal Dimension) [5] exploit the temporal 
redundancies of time varying objects. Many research groups 
have tried to combine the parallel imaging methods with 
temporal filtering techniques. Recently, k-t BLAST/SENSE 
[6] has been proposed, which demonstrated improved re-
construction performance of dynamic imaging from highly 
undersampled signal acquisition. The main idea of k-t 
SENSE is to use training data set to find the weighting fac-
tor which can be used during the signal reconstruction pha-
se.  
Recently, two groups independently proposed the optimal 
dynamic imaging algorithm using parallel RF coils based on 
lattice sampling theory [7,8]. More specifically, the optimal 
imaging problem is formulated as an optimal lattice samp-
ling pattern design problem in k-t space such that the num-
ber of spectrum overlap in x-f space is less than the number 
of coils. Then, the aliasing component can be unfolded by 
simple matrix inversion of low dimensional matrices, whose 
computational burden is negligible. Furthermore, the accele-
ration factor of the two approaches can be up to the product 
of the number of coils and that of the optimal time-
sequential sampling, which is greater than that of k-t 
SENSE. 
In practice, the reconstruction image quality is very much 
dependent on the noise level. To evaluate reconstruction 
image quality in advance, SENSE uses “g-factor”, which 
quantifies the noise amplification. The main goal of this 
paper is to develop an expression of the reconstruction noise 
variance to quantify the stability of the x-f SENSE algo-
rithm from noisy measurement.  

II. THEORY 

A. x-f SENSE 

Let ( )i t x  denote the time varying proton density image at 
a time instant t  and a spatial location x . In parallel MRI, 
reconstructed image is usually given by ( )i t x  multiplied 
by the coil sensitivity pattern ( )t x  [3]. Following the 
usual assumption that the coil sensitivity ( )x t  is time 
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invariant [3], we can represent the measured signal ( )s k t  
as a 2-D inverse Fourier transform  

 2 ( )( ) ( ) ( ) j kx tfs k t x I x f e dxdf  (1) 

where ( )I x f  denotes Fourier transform of the proton 
density ( )i x t  with respect to time. Suppose the full reso-
lution MR image is obtained from samples on the densest 
lattice . Our goal is to design a sublattice sampling pat-
tern  such that the number of aliasing in x-f domain is not 
bigger than the number of coils such that the aliasing can be 
unfolded using coil sensitivity.  
With a slight abuse of notation, let ( )k tt  denote the k-
space and temporal coordinate and ( )x ff  denote the 
coordinate in its reciprocal space, respectively. Then, 
{ ( ) }ks t t  denotes the data samples on a sublattice  

measured by the k-th coil, where 1k K . If we define 

( )kY f  as its Fourier transform, we have [9]:  

 ˆ( ) ( )k kY UY
s

f f s f  (2) 

where U  denotes the unit cell on the reciprocal lattice  
and  

 
1

( )ˆ ( ) ( ) ( )
( )

P

k i ik
i

d IY d
f f r f r  (3) 

and ( )
( )

d
dP  corresponds to the acceleration factor, and 

1i i Pr . Now, define the coil sensitivity pattern 

K  and the spectral replica pattern:  

 1 1{ } { }K PK R r r  (4) 

Note that the acceleration factor P  is now equal to the 
number of overlap due to aliasing, i.e. P R . Then, 
Eq. (3) can be represented as  

 1( ) ( ) ( )K K R R
P

Y f W I f  (5) 

where  

 1ˆ ˆ( ) [ ( ) ( )]T
KK Y YY f f f  (6) 
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PR I II f f r f r  (7) 

and the aliasing structure matrix ( )K RW  is given by  
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If the number of coil and the number of spectral repetition 
are identical (i.e. K P ), Eq. (5) has the unique solution. 
This corresponds to the conventional parallel imaging and 
the maximum acceleration factor is equal to the number of 
coils. However, if the spatio-temporal support is sparse (for 
example, in the cardiac imaging or fMRI cases where the 
temporal varying parts are small), further acceleration is 
possible. We showed that by properly choosing sampling 
lattice the multifold reduction of data acquisition is possible 
using x-f SENSE and such reduction factor can achieve the 
theoretical maximum [7]. This is summarized as following:  

Theorem 2.1. [7] Suppose K  is defined by Eq. (4) and M  
is given by  

 { ( ) is non zero}i iM Ir f r  (8) 

Suppose, furthermore, K K  and M M . If coil sensiti-

vity pattern K  is ( )K M  universal and M K  for all f , x-f 
SENSE is perfectly reconstructible and achieves the optimal acce-
leration factor.  
Amazingly, the universality of the matrix is quite general 
and with overwhelming probability the randomly selected 
matrix satisfies the universality condition [10]. Hence, we 
conjecture that randomly selected phase array coil sensitiv-
ity pattern usually satisfies the universality condition with 
high probability. Our simulation result with the sensitivity 
map from a real scanner also confirms the conjecture. The 
x-f SENSE reconstruction algorithm is, then, similar to the 
conventional SENSE algorithm. Theorem 2.2 explicitly 
shows how much acceleration x-f SENSE can achieve for a 
given x-f support.  

Theorem 2.2. Suppose S  denotes the non-zero support 
of the image in x-f domain. The maximal acceleration factor 
of x-f SENSE is then given by  

 ( )
( )

FOVP K
S

 (9) 

where ( )  denotes the Lebesque measure, FOV denotes 
the field of view in x-f domain and K  denotes the number 
of RF coils, respectively.   
The factor ( ) ( )FOV S  is called the Landau rate in the 
non-uniform sampling theory, which is the maximum accel-
eration factor that the optimized spatio-temporal sampling 
[11,12] can achieve. Therefore, Theorem 2.2 reveals that the 
maximal acceleration factor of x-f SENSE is up to the prod-
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uct of the maximal acceleration factor of the optimized 
spatio-temporal sampling and that of parallel imaging. 
Hence, we clearly see that x-f SENSE achieves the accelera-
tion factor that UNFOLD or SENSE alone cannot achieve.  

B. Time Sequential Sampling Constraint 

The k-t space data acquisition procedure is completely defi-
ned by the time-sequential (TS) sampling schedule: 

1{( ) }l l l l lk t t t  which specifies the yk  phase enco-
ding line and the phase interval, respectively, allowing ac-
quisition of one phase encoding line at each time instant. 
Willis and Bresler [11 showed that the TS schedule can be 
satisfied by imposing a constraint on a sampling matrix A .  
Using these concepts, Aggarwal, Zhao and Bresler [12] 
showed that the sampling matrix A  should have the follo-
wing form:  

 2
0
ymax

R

k a
T

A  (10) 

where 2 ymaxk  denotes the distance in k-space in the y -
direction and 

RT  denotes the repetition time, respectively. 
Hence, we use this to optimize the x-f SENSE sampling 
pattern.  

C. Noise Variance Image 

Until now, we have been mainly concerned about the per-
fect reconstruction condition from noise free measurements. 
However, real life measurements are always noisy, and we 
are more concerned about the effects of measurement noise 
in the reconstructed images. This is the main reason why so-
called “g-factor” analysis is important in parallel imaging 
[3].  
This section is devoted to analyze the reconstruction noise 
variance of our new x-f SENSE algorithm. Let K KC  
denotes the noise covariance matrix between K  number of 
RF coils. Here, we assume that the noise covariance matrix 
is independent on image pixel location. Then, Theorem 2.3 
explains how the noise variance map of x-f SENSE can be 
calculated in x-t space.  
Theorem 2.3.  Suppose ( ) 1 1i j X Tx t i N j N  de-

note the image sample coordinates in x-t space, where TN  

and XN  denote the number of time frames and phase en-
coding step, respectively. Then, the x-f SENSE reconstructi-
on noise variance 2 ( )i jx t  in x-t space is given by  

 2 2

1

1( ) ( )
TN

i j i k
kT

x t x f
N

 (11) 

where 2 ( )i kx f  is given by  

 1
2 1

(1 1)

0 if no signal at ( )

otherwise

i k

Hi k i k

x f

P S S
 

where i kS  denotes the active sensitivity matrix at the loca-
tion ( )i kx f  and the subscript (1 1)  denotes the (1,1) 
elements of the matrix.  
Note that Eq. (11) averages out the noise variance in x-f 
domain along  f direction. This minimizes the noise fluctua-
tion along temporal direction, hence noise pattern of x-f 
SENSE is less noticeable along time. 

D. Numerical Results 

Numerical simulations are conducted to demonstrate the 
performance of the x-f SENSE. In this example, the phan-
tom is again composed of three static and one time varying 
circles. The magnitude of the time varying component 
changes between 5 4s  to 7 39s , and the maximum size 
x-f support is given in Fig. 1. As a ground truth time vary-
ing image, the original phantom images are illustrated in 
Fig. 2. We again use two coils with the sensitivity map as 
shown in Fig. 3.  

 
Figure 1. The x-f support of simulation phantom. 

 
Figure 2. The time series of original phantom. 
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The optimal sampling matrix A  in Eq. (10) is designed in 
the x-f space such that it allows up to two spectral overlaps. 
Then, the resultant sampling matrix in k-t space, we have  

 
512 128

0 10
10

ymax

R

k a
T

A
 (12) 

which implies that 10 5ymaxk mm  and 0 1RT s . Therefore, 
the resultant sampling schedule is given by  

 (5 mod 128) 1{( )}
128 10l l l

l

lk t l  (13) 

The reconstructed images are then artifact free and identical 
to Fig. 2.  
For comparison, the optimized time sequential sampling 
pattern with a single coil can be found by computing the 
reciprocal lattice without aliasing and converting it to a 
sampling matrix. The resultant optimal sampling matrix for 
the given support with 128 phase encoding step is given by  

 1
128

10
30

k

V
 (14) 

where 128k  is any odd number. Hence, we can find that 
the optimal 1

30RT s , which corresponds to three times 
faster sampling schedule compared to that of x-f SENSE. 
Hence, we can conclude that our x-f SENSE significantly 
relaxes the sampling rate constraint.  

 
Figure 3. The sensitivity maps of coil 1 and coil 2. 

Fig. 4 illustrates the reconstruction noise variance image of 
x-f SENSE calculated based on Theorem 2.3. The white 
half circular area in the static background is noticeable due 
to low sensitivity of the two coils as can be shown in Fig. 3. 
Another noticeable difference in this variance image is that 
it shows “ghost” images in the static background. The arti-
facts could be traced back to potential aliasing artifact in the 
x-f domain in case of noisy measurements.  

 
Figure 4. Noise variance map for the reconstruction. 

III. CONCLUSIONS  

This paper proposes a novel parallel imaging algorithm, 
called x-f SENSE, that optimally combines the parallel 
imaging and the optimized time sequential sampling using 
the powerful lattice sampling theory. Unlike the conventio-
nal algorithms, x-f SENSE achieves the unprecedent accele-
ration in data acquisition by exploiting the temporal redun-
dancy of data and the diversity of the coil sensitivity. More 
specifically, the maximal acceleration factor of the x-f 
SENSE is given by the product of the maximal acceleration 
factor of the optimized spatio-temporal sampling alone and 
that of parallel imaging. Furthermore, the reconstruction 
procedure of x-f SENSE is as simple as that of the popular 
SENSE algorithm, so it can be immediately used in practise. 
Noise variance analysis has been conducted, which showed 
that the noise pattern in x-f SENSE is smoothed along tem-
poral axis, resulting improved visual quality. Numerical 
simulation demonstrated that x-f SENSE is very powerful 
parallel imaging method for dynamic MRI.  
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