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ABSTRACT 

Dynamic positron emission tomography (PET) is widely 

used to identify metabolism over time. However, conven

tional reconstruction algorithm provides a noisy reconstruc

tion due to the lack of photon counts in each frame. 

Therefore, the main goal of this paper is to develop a novel 

spatio-temporal regularization approach that exploits inher

ent similarities within intra- and inter- frames. One of the 

main contributions of this paper is to demonstrate that such 

correlations can be exploited using a low rank constraint 

of overlapping similarity blocks. The resulting optimization 

framework is, however, non-smooth and non Lipschitz due 

to the low-rank penalty terms and Poisson log-likelihood. 

Therefore, we propose a novel globally convergent optimiza

tion method using the concave-convex procedure (CCCP) 

by exploiting Legendre-Fenchel transform.We confirm that 

the proposed algorithm can provide significantly improved 

image quality. 

I. INTRODUCTION 

Quantification of spatial and temporal radiotracer dis

tribution is one of the important topics in dynamic PET 

studies [1] . Typically, the time activity curves (TACs) of 

concentration and kinetic parameters are obtained from 

the reconstructed images from time frames. For the case 

of short acquisition time, each time frame data has low 

photon counts, which results in very noisy reconstruction. 

To enhance the image quality from such photon limited 

data, various dynamic reconstruction algorithms have been 

proposed [1] . By extending the existing researches, we are 

interested in developing a novel spatio-temporal regular

ization scheme that exploits correlation structures within 

each intra and inter frames. In particular, this paper exploits 

geometric similarities in intra and inter frames. We found 

that a row rank constraint, which is originated from matrix 

completion problem in compressed sensing [2], is very 

useful to exploit self-similarities since the matrix rank is 

less sensitive to the intensity offset and is easier to capture 

edges, etc. In addition, we propose an overlapping patch 

based non-convex low rank penalty to exploit geometric self 

similarities . However, there are several technical challenges. 

First, the self-similarity structures are unknown before the 

final reconstruction is obtained. To address the first issue, 

this paper proposes a re-fineable patch search method, which 

iteratively refines the similarity blocks during reconstruction. 

Second, non-convex patch based low rank penalty term is 

non-smooth and the gradient of Poisson log-likelihood is 

non-Lipschitz, so optimization problem is non-trivial. To 

deal with this issue, the concave-convex procedure (CCCP) 

[3] is employed to convexify the concave rank prior and to 

make a EM-type separable likelihood function. Interestingly, 

the resulting subprogram have a pixel-by-pixel close form 

expression, which allows the algorithm converge fast. We 

perform simulation studies to validate the proposed algo

rithm. Our results demonstrate that the proposed algorithm 

can provide significantly improved reconstruction quality. 

n. PROBLEM FORMULATION 

First, we define the negative loglikelihood function from 

Poisson statistics as: 

S 
L(X) L(l,Axs) - (Ys,log(Axs)), (1) 

s=l 
where 1 denotes a vector with elements of ones, and X = 

[ IN,S Y - [ lM,S A - [ lM,N h Xns n,s=l' - Yms m,s=l' - ans m,n=l w ere 

Xns denotes the unknown image at voxel n at time s; and 

Yms represents the m-th detector measurement at time s, 
and amn denotes the probability that an emission photon 

from n-th voxel is detected at the m-th detector position, 

respectively. 

Now, we explain our spatio-temporal patch based low 

rank penalty. It is well-known that a natural image has 

geometric self-similarities, i.e. some parts of the images are 

similar to different parts of the images. Thus, in our dynamic 

PET reconstruction, we are interested in imposing a patch

based low rank penalty to exploit self similarities . More 

specifically, to Eq. (1), we add patch-based low rank penalty 

for group of patches written as following: 

p 

wo(X,R) = LApRank(Vp), (2) 
p=l 
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where 

Vp = [Rp1x Rp2x R x 1 E 
IRBxNS pQp 

where Rpq, q = 1, ... ,Qp denotes a size B patch extraction 

operator from the vectorized spatio-temporal volume of 

image x = vec(X). We denote R = {Rpq}:"�l as a 

collection of such operator. 

There exists two important issues in using the penalty in 

Eg. (2) . First, the rank operator is not convex, we could use 

the nuclear norm as a convex relaxation [2]: 

p 

w(V,R) = LAPIIVpll* , (3) 
p=l 

where IIVpll* = 
2::��k(Vp) O"k(Vp) and O"k(Vp) denotes 

the k-th largest singular value of V p. However, since it has 

been shown that concave penalty outperforms that convex 

nuclear norm [4] and the CCCP optimization framework in 

this paper prefers to concave prior, we use the following 

concave rank prior [4] : 

Rank(Vp) 
IIVpll v = L hJ.!,v (O"k(Vp)) , 0 < v ::; 1. (4) 

k=l 
where the generalized Huber function hJ.!,v(t) is defined as 

{ It12/2JL, if It I < JL1/(2-v) hJ.!,v(t) = IW Iv - 6" if It I 2: JL1/(2-v) (5) 

where 6" = (l/v - 1/2)JLv/(2-v) to make the function 

continuous. 

Second, to construct a group of similari�£atches, we need 

to find a similarity relationships {Rpq} p,'q:1. However, in 

dynamic PET, the vectorized im�e x is the very object that 

needs to be estimated, so {Rpq} P:�l is not known a priori. 
To address this issue, we perform a re-fineable similarity 

searches, i. e. we fix a similarity mapping {Rpq} :"�1 using 

the previous estimation of X, and find a new estimate from 

the updated image. 

ill. OPTIMIZATION FRAMEWORK 

In this paper, we employ the concave-convex procedure 

(CCCP) [3] to minimize the resulting optimization problem. 

Assuming that R is known, we solve the following 

minimization problem: 

min J(X) 
XEIRNXS 

where J(X) = L(X) + W(X, R) . (6) 

Here, the gradient of L(X) is non-Lipschitz, and each 

element of X should be nonnegative. Now we show how 

CCCP framework work for our optimization framework. 

Note that the negative loglikelihood term L(X) for 

the Poisson noise in Eg. (1) is convex. To apply the 

CCCP, we use a concave coordinate transform. More 

specifically, we define z�n log(amnxns). Then, 

-log (2:::=1 amnXns) = -log (2:::=1 eZ�n ) , which 
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becomes concave with respect to {Z�n};;=l. Therefore, we 

have 

where 

S 

L(X) min Lc (X, c), 
c 

Lc (X,c) = LAxs + (cs,logcs) - (cs,log(Axs)). (7) 
s=l 

In the case of the patch-based rank penalty, we use the 

generalized Huber function in Eg. (5) . Here, Itl 2 I JL - hJ.!,v (t) 
is strictly convex. Therefore, the Legendre-Fenchel transform 

tells us that there exist gJ.!,v such that 

The corresponding rank penalty for a matrix V is given by 

L hJ.!,v(O"k(V)) 
k=l 
min {�IIV -WII} + IIWllg } (9) 

W JL ",V 

where IIWllgp,v 2::k=l gJ.!,v(O"k(V)). Chartrand [4] 
showed that gJ.!,v(s) is convex when v = 1, but in general it 

is not convex. However, even when gJ.!,v is non-convex and 
does not have a close form expression, there exist a close 

form expression for the minimizer of Eg. (8) given as 

shrinkv(t, JL) = max{O, It I - JLIW-1 }t/ltl . (10) 

Now, using Eg. (7) and Eg. (9), we have the following 
minimization problem: 

One of the main advantage of the proposed CCCP frame

work is that each subproblem has close form solutions. Here, 

we describe them in detail . 

III-A . Minimization with respect to W p 
First, note that the minimization problem is independent 

to Lc (X, c). Moreover, the problem can be decomposed for 
each patch by patch. More specifically, we have 

W�k+l) = arg�in {tIIV�k) - WII� + IIWI19".v }. (11) 

Using the shrinkage relationship in Eg. (10), the close form 

solution for Eg. (11) is given by 

W(k+1) = Lshrink (� II.)UH P v ,� ,  
where shrinkv(�, JL) denotes an element by element singular 

value shrinkage operator. 



Fig. 1. Reconstruction images of (a)(d) Ground truth, (b) (e) 

Gaussian smoothing of conventional OSEM, and (c)(f) the 

proposed algorithm. 

moB. Minimization with respect to c 
Using the constraint 2::=1 c�n = Ym, we have the fol

lowing close form solution for the constrained optimization 

problem: 

(k) s(k+1) _ amnXns w cmn - Yms ",N (k) ' v m, n, S . 

L...,..n' =l amn,xn,s 
(12) 

m-c. Minimization with respect to X 
Finally, for given c(k+l) and W(k+l) , we can obtain a 

close form solution for update of X(k+1) . We calculate a 
fixed point equation of the gradient of the cost function with 
respect to Xns. Then, the close form solution is given by 

where 

and 

s(k+l) EM(k+l) _ Cmn Xns - M ' Lm=l amn 

(13) 

(14) 

b(k+1) = � a -.!. � A w(k+1) ns � mn f..L � P p,ns . m PEIns 

Note that the solution is always non-negative, and our 

update equation is pixel-by-pixel update similar to OSEM 

algorithm, and guarantees the global convergence. 

I V. EXPERIMENTAL RESULTS 

To validate our proposed algorithm, we first generated 

15 frames of low photon count emissions in grey and 

white matters using the Monte-Carlo simulation. We then 

compared reconstruction images using Gaussian smoothing 

of the conventional OSEM and the proposed algorithm. 

In Fig. 1, our proposed algorithm provided significantly 

enhanced details of shapes and the boundaries of the grey 

18,------.------, 18.--------.--, 

16 

40�--7--�10�-�15� 
Time frames 

40�-�-�170-�1�5 
Time frames 

(a) (b) 

Fig. 2. TACs of (a) the Gaussian smoothing image and (b) 

the proposed image. 
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Fig. 3. Negative log likelihood by iteration. 

matters are clearly visible. In addition, we calculated TACs 

of the Gaussian smoothing image and the proposed image 

in Fig. 2. Results showed that our proposed method has 

less errors compared to Gaussian smoothing. Finally, to 

demonstrate the convergence of the algorithm, the negative 

loglikelihood in Eq. (1) were calculated as shown in Fig. 3 .  

V. CONCLUSIONS 

In conclusion, we proposed a dynamic PET reconstruction 

using non-convex low rank patch based regularization and 

derived a globally convergent algorithm using CCCP pro

cedure. In simulation experiment, our proposed algorithm 

provided significantly improved images as well as accurate 

time activity curves. 
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