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ABSTRACT

Functional near-infrared spectroscopy (fNIRS) is a non-invasive imaging approach for measuring

brain activities based on changes in the cerebral concentrations of hemoglobin. Recently, statistical anal-

ysis based on general linear model (GLM) has become popular. Here, to impose statistical significance

on the activation detected by fNIRS, family-wise error (FWE) rate control is important. However, unlike

fMRI, where measurements are densely sampled on a regular lattice and Gaussian smoothing makes the

resulting random field isotropic, the random fields from fNIRS are non-isotropic due to the interpolation

from sparsely and irregularly distributed optode locations. Thus, tube formula based correction has

been proposed to address this issue. However, Sun’s tube formula is only suitable for Gaussian random

field, so it cannot be used for general t- and F - statistics from either individual or group analysis. To

overcome these difficulties, we employ the expected Euler characteristic approach based on Lipschitz-

Killing curvature (LKC), which has been widely used to address the brain shape analysis. We compared

this correction method with Sun’s tube formula for individual t random field to confirm the existing

method. Based on this comparison, we discovered an important distinction of fNIRS and fMRI such that

mass-univariate approach should be modified to consider channel-wise least-square residual correlation.

Moreover, by applying this for group level p-value correction, we observe that the ordinary least square

estimation is effective for second level analysis due to sensitivity, reduced complexity, and the consis-

tency with individual analysis for the case of precoloring. The new results supplements existing tool of

statistical parameter mapping for fNIRS.

Keywords: Near-infrared spectroscopy, statistical parameter mapping, t-test, F-test, family-wise er-

ror rate control, expected Euler characteristics, Lipschitz-Killing curvature, mass-univariate approach,

mixed-effect analysis
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Chapter 1. Introduction

Functional near-infrared spectroscopy (fNIRS) is a non-invasive imaging approach for detecting

brain activity via changes in the cerebral concentrations of oxy-hemoglobin (HbO) and deoxy-hemoglobin

(HbR) through the “therapeutic optical window” between 650 to 950 nm [25, 4, 7]. Unlike other non-

invasive imaging approaches such as functional magnetic resonance imaging (fMRI) and positron emission

tomography (PET), fNIRS can directly measure hemodynamic parameters such as HbO, HbR, and

total hemoglobin (HbT) at a high temporal resolution under the hypothesis of constant hematocrit. In

addition, fNIRS is also very useful to examine the patients and children who might not stand confined

environments of fMRI [30]. Moreover, since a fNIRS system is compact, portable and low cost, it has

great potential for routine monitoring and many other applications.

Recently, to analyze fNIRS data, statistical analysis based on a general linear model (GLM) becomes

popular [30, 16, 12, 29]. Since fNIRS detects the brain activation similar to fMRI, the GLM approach

that has been established for fMRI can be applied for fNIRS [30]. More specifically, the GLM expresses

the observations in terms of a linear combination of the explanatory variables plus an error term [8]. The

explanatory variables constitute the design matrix which encodes and quantifies our knowledge about

how the expected signal was produced [8]. The convolution of the stimulation protocol and hemodynamic

response function (HRF) is used as a predictor [16]. Moreover, the modeling of latency and dispersion

derivatives are also considered as the regressors into the design matrix to compensate for individual and

oxygen species specific hemodynamic variation.

There are three main parts in a statistical analysis based on GLM for fMRI and fNIRS: model

specification, parameter estimation, and inference [8]. In model specification, the onset time and the

duration are necessary to form the experimental paradigm. In order to construct a design matrix, the

basis functions should be specified. For parameter estimation, either ordinary least square (OLS) or

generalized least square estimations (GLS) is often used. Finally, for inference, a voxel-wise statistical

test (i.e., t- or F -tests) constructs the statistical map and then a threshold is determined to detect

activation map for a given p-value. Either an uncorrected or a corrected p-value is often applied to

determine a threshold. However, an uncorrected p-value only controls the type I error for each voxel

independently. Since there are many voxels in the search volume, we are interested to control the type I

error for whole search volume. This procedure is termed as family-wise error rate control.

For p-value correction, there are several solutions. If all the voxels in the search volume are indepen-

dent, Bonferroni correction is very simple and direct method to solve this problem. However, the spatial

correlation is very common in functional imaging, so Bonferroni correction often leads to too conservative

results [8]. This problem can be addressed by the expected Euler characteristic (EC) method. Euler

characteristic is a geometric property of a 3-D volume and can be calculated as the number of connected

of the excursion set minus the number of holes plus the number of hollows [31]. When the threshold

is high enough, the number of blobs is one or zero. So the expected EC represents the probability of

finding an above threshold blob, hence the expected EC is approximately equivalent to the probability

of family-wise error [8]. For PET data or smoothed fMRI, it is reasonable to assume that the noise

component of image data is isotropic, so the theoretical results for the p-value of local maxima and the

size of supra-threshold clusters of a statistical parametric map (SPM) based on random field theory can
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be used [27]. However, fNIRS data is non-isotropic, where the full width at half maximum (FWHM)

is not same in all directions and across all voxels in the image due to the interpolation from sparsely

and irregularly distributed optode locations, so the expected EC method for isotropic random field is

not suitable. To address this problem, [29] applied Sun’s tube formula to control the family-wise error

rate for individual analysis, since the degree of freedom is large enough to approximate the individual

t random field as Gaussian random field. However, in general, Sun’s tube formula is not applicable for

statistics such as F at individual and group level because the tube formula is essentially restricted to

Gaussian fields [21].

To address the shape analysis in brain imaging, an expression of the excursion probability for general

non-isotropic fields on manifolds has been developed by using Lipschitz-Killing curvatures and the kinetic

fundamental formulas by warping the random field into a space such that the resulting random fields

are isotropic [27]. Here, we term this approach as Lipschitz-Killing curvature (LKC)-based expected

EC. LKC is a measure of the intrinsic volume of search volume in the Riemannian metric defined by

the variogram [23]. This LKC-based expected EC method can solve the p-value correction problem even

for the case of the non-isotropic random field. Hence, the LKC-based expected EC method provides

the solution to the family-wise error rate control in fNIRS that has non-isotropic random field due to

the inhomogeneous interpolation kernel. Furthermore, one advantage of the Euler characteristic method

over the tube formula is that it can be applied to non-Gaussian fields such as t and F random fields.

Hence, this formula can be applied for both individual and group analyses.

One of the main contributions of this paper is to verify the accuracy of existing Sun’s tube formula

for p-value correction of individual t field. We show that the geometric terms L2 in EC and κ0 in the tube

formula are identical for the case of independent channel residuals in fNIRS, but if the channel residuals

are correlated, the value of L2 is smaller than κ0. However, by incorporating channel-wise least-square

residual correlation for tube formula, we can verify that the geometric terms L2 and κ0 become identical.

The results indicates one important finding that is unique for fNIRS analysis. More specifically, in fMRI,

the method of estimating the covariance at each voxel estimates the correlation matrix using restricted

maximum likelihood (ReML), and the variance term at each voxel is estimated independently using the

usual estimation in a least square mass-univariate scheme [8]. However, in fNIRS, there are only a few

measurement channels and the other voxels are interpolated, so the channel-wise least-square residual

correlation still exists in variance term estimation, and we need to take into account for this term in

calculating the t- and F -statistics. Another contribution of this paper is to show that for a given corrected

p-value, mixed-effect analysis by OLS is preferable due to the more sensitivity detection and reduced

complexity. Furthermore, when precoloring is used for individual analysis, OLS approach provides more

consistent multi-level group analysis. The results in this paper supplement existing statistical analysis in

fNIRS by filling the missing components of the toolbox. The new components will be included in the next

release of NIRS-SPM which can be downloaded form authors’ homepage. (http://bisp.kaist.ac.kr/NIRS-

SPM.html)
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Chapter 2. Theory

In this section, we will review the LKC-based expected Euler characteristic and discuss individual

and the group analyses in NIRS.

2.1 p-value Correction: EC vs. Tube

At a high threshold, the expected EC is approximately equivalent to the probability of a family-wise

error [8]. For a non-isotropic random field Z(r) on a manifold Φ, the expected EC φ of excursion set

At ≡ At(Z,Φ) = {r ∈ Φ : Z(r) ≥ t} at high threshold t is given by [23]:

P

(
sup
r∈Φ

Z(r) ≥ t

)
≈ E (φ(At))

=
D∑

d=0

Ld(Φ)ρd(t), (2.1)

where Ld(Φ) is Lipschitz-Killing curvatures (LKC) of the manifold Φ representing the intrinsic volume

of Φ in a Riemannian metric, and ρd(·) denotes the d-dimensional EC density function determined by

the type of random fields [23]. For Gaussian random fields, the EC density function is represented by a

Hermite polynomial [1], and for general non-Gaussian random fields, the so-called kinetic fundamental

formula provides the explicit representation.

For a Gaussian random field Z(r), an excursion probability using the volume of the tube formula

is basically the same as Eq. (2.1), except for the zero-th order EC density function ρ0(u) (See Theorem

10.6.1 in [1]). In particular, the calculation of the LKC can be done explicitly with respect to the basis

functions of a finite term Karhunen-Loéve expansion [1]. Based on the observation that the t-field can

be approximated as a Gaussian random field which possesses a finite Karhunen-Loéve expansion, [29]

were able to provide a close form expression of the dominant LKC term in the tube formula. However,

for general t- and F -statistics in both individual and group analysis, the general LKC-based expected

EC formula in Eq. (2.1) is more appropriate and should be exploited.

A method to estimate LKC was developed in [27] and [22], and we review it here briefly. The

least-square residual r(r) ∈ RN of a general linear model is:

r(r) = y(r)−XX†y(r), (2.2)

where y(r) ∈ RN are the measurement times series, X is the design matrix and † is the Moore-Penrose

pseudoinverse of a matrix. Then, the corresponding normalized residual is:

Q(r) = r(r)/∥r(r)∥2 ∈ RN .

Let

S(r) = (Q(r + δ1)−Q(r), · · · ,Q(r + δD)−Q(r)) ∈ RN×D, (2.3)

where δk is the D-dimensional vector of zeros with k-th component equal to the unit step size along the

lattice axis k, k = 1, · · · , D. In NIRS topography mapping, the dimension is D = 2. (For a tomographic
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mapping, D = 3). Then, the 2-dimensional LKC of Φ can be estimated as:

L̂2(Φ) =
∑
r∈Φ

det(S(r)′S(r))1/2, (2.4)

where det(·) denotes the determinant. Estimating the lower dimensional LKC is more complicated, so

a short-cut method is often used in practice. Specifically, the D-dimensional LKC, which makes the

largest contribution to the p-value approximation, is first estimated. Then, the lower dimensional terms

are estimated by simply assuming that Φ is a D-dimensional ball [23]. In NIRS topographic mapping,

the dimension is D = 2; therefore, we assume that Φ is a disk, and then a short-cut calculation of L̂1(Φ)

and L̂0(Φ) can be calculated as:

L̂0(Φ) = 1 , L̂1(Φ) = πr, (2.5)

where r =

√
L̂2(Φ)/π. In applying LKC-based expected EC for fNIRS, Eq. (2.3) can be calculated with

respect to the interpolation kernel used in NIRS topographic mapping, as shown in Appendix A.

In order to explain tube-based p-value correction, let us first review the individual analysis. Note

that the individual-level GLM for the l-th subject at any position r ∈ Φ can be written as follows (see

Appendix B):

yl(r) = Xαl(r) + ϵl(r), (2.6)

where yl(r) is an N -dimensional time series at the interpolated position r ∈ Φ, X is an individual-level

design matrix, and αl(r) is an individual-level response parameter which quantifies the contribution of

each regressor, ϵl(r) is a vector representing the error term.

Using the ordinary least square (OLS) approach, we can estimate the individual-level parameter

α̂(r) and its covariance as:

α̂l(r) = X†yl(r) ∈ RM , Cα̂l
(r) = X†Cϵl(r)X

†T ∈ RM×M , (2.7)

where Cϵl(r) is the estimation of temporal noise covariance at the interpolated position r. Then, the

individual t-statistic can be calculated as follows [29]:

Tl(r) =
X̂l(r)√
CX̂l(r)

, (2.8)

where

X̂l(r) = cT α̂l(r) = cTX†yl(r) (2.9)

CX̂l(r)
= cTCα̂l

(r)c

= cTX†Cϵl(r)X
†T c

=
(
b(r)TΣlb(r)

) (
cTX†ΛlX

†T c
)
, (2.10)

where b(r) denotes the interpolation kernel, and Σl is as follows [8, 29]:

Σl =


σ
(1)2
l O · · · O

O σ
(2)2
l · · · O

...
...

. . .
...

O O · · · σ
(K)2
l

 ∈ RK×K , (2.11)
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with variance of each channel:

σ
(i)2
l =

y
(i)T
l RXy

(i)
l

trace(RXΛl)
. (2.12)

Furthermore, c ∈ RM denotes the contrast vector and Λl is the temporal correlation. The corresponding

degree of freedom is:

dfl =
trace(RXΛl)

2

trace(RXΛlRXΛl)
, (2.13)

where RX = IN − XX†. In our actual experiment, for individual t field, the degree of freedom is

around dfl = 100 for the case where the number of time points is N = 5384 and there are 26677 voxels

interpolated from 24 channels.

Due to the large degree of freedom of individual t statistic, it is well-known that t field can be

approximated as Gaussian random field, so the tube formula can be applied as follows (for more detail,

see [29]):

P

(
sup
r∈Φ

Z(r) ≥ t

)
≈ κ0

2π
3
2

Γ

(
3

2

)(
1− Γ

(
3

2
,
z2

2

))
(2.14)

where

κ0 =
∑
r∈Φ

√
|det (∇u(r)′∇u(r)) | (2.15)

u(r) =
C

1
2

β̂

(
b(r)T ⊗ IM

)
c√

(b(r)TΣb(r)) (cTX†ΛX†T c)
(2.16)

The formulae of Sun’s tube formula (refer to [29]) and LKC-based expected EC methods for 2-dimensional

individual t maps are summarized in Table 2.1.

[20] have established that the tube formula and the Euler characteristic method give identical and

valid asymptotic expansion of tail probability of the maximum of Gaussian random field when the random

field has finite Karhunen-Lo’eve expansion and the index set has positive critical radius [21]. However,

this is based on abstract mathematical setting, so we are interested in verifying this using real fNIRS

data.

Note that [29] only uses κ0 term which is the most important constant from Weyl’s formula [28].

On the other hand, LKC-based expected EC method includes L0, L1 and L2 these three terms, where

L2 has largest contribution. By inspecting the formulae of these two methods, we can find that κ0 in

tube formula corresponds to L2 in LKC-based expected EC method. Since the tube formula is restricted

to Gaussian fields [21], the other terms 1

(2π)
3
2
ze−

z2

2 in tube formula corresponds to 2-dimensional EC

density of Gaussian random field, whereas LKC-based expected EC method has the 2-dimensional EC

density function for t-random field. This implies that there are two sources of differences between tube

and EC. One for numerical differences in calculating κ0 and L2, and the other for the differences in

the actual EC density functions. In this paper, we first compare L2 and κ0 to show that the seemingly

different two formulae provide the identical results. Then, as the degree of freedom becomes large, the

EC density functions for Gaussian and t provide similar threshold values.

2.2 Group Analysis for NIRS: OLS vs.GLS

In neuroimaging applications, a group analysis is very important since researchers are concerned

about activation maps in populations of subjects, and analyze data by a multi-subjects approach based
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on hypothesis testing at the group level [2]. There are several group analysis methods: one-in-all model,

fixed-effects analysis (FFX), random-effects analysis (RFX) and mixed-effects analysis (MFX) [32]. One-

in-all model is a straightforward way to carry out group analysis of fMRI data, which formulates a single-

level GLM that involves various parameters of interest for the group [6, 13]. However, this method has

relatively high human and computational costs [13]. FFX is not sensitive to between-subject variance

since the variance of the fixed-effects group mean estimate contains contribution from within-subject

variance only. As for RFX, it is not possible to draw pure random effects inferences unless the true GLM

parameter vector for single subject is known [3]. MFX includes a mixture of within-subject fixed effects

and across-subject random effect, thus generating a so-called mixed effect model. The variance of MFX

contains both the within- and between-subject variances. In [8], the RFX refers MFX.

More specifically, the multi-level GLM for group analysis can be formulated as following:

Y(r) = Dα(r) + ϵ(r), (2.17)

α̂(r) = XGαG(r) + η
′
(r), (2.18)

where Y(r), α(r) and ϵ(r) are the stacks of yl(r), αl(r) and ϵl(r) for all L subjects (respectively), η
′
(r)

is the group-level error, the first-level design matrix D is defined as:

D = IL(r) ⊗X ∈ RNL×ML ,

and αG(r) ∈ RM is the group-level vector parameter and the group-level design matrix XG is given by:

XG = 1L ⊗ IM =
[
1 1 · · · 1

]T
⊗ IM ∈ RML×M . (2.19)

In the second-level GLM, the measurement term α̂(r) obtained by stacking the first level estimated

parameters, so MFX makes group-level inferences using the results of separate first-level analyses without

having to reanalyze individual subject data.

A MFX based on the GLS approach for both the first and second levels is provided in [2]. [29] used

Table 2.1: Individual-level t- and F - statistics

LKC-based expected EC Sun’s tube formula

P
(
supr∈Φ Z(r) ≥ t

)
P
(
supr∈Φ Z(r) ≥ t

)
≈

∑D
d=0 Ld(Φ)ρd(t) ≈ κ0

2π
3
2
Γ
(
3
2

) (
1− Γ

(
3
2
, z2

2

))
∼ κ0

1

2π
3
2
ze−

z2

2

L2(Φ) =
∑

r∈Φ

√
| det (∇Ql(r)′∇Ql(r)) | κ0 =

∑
r∈Φ

√
|det (∇u(r)′∇u(r)) |

Ql(r) =
r(r)

∥r(r)∥ u(r) =
C

1
2
β̂
(b(r)T⊗IM)c√

(b(r)TΣb(r))(cTX†ΛX†T c)

ρ2(t) =
1

2π
3
2

Γ υ+1
2

( υ
2 )

1
2 Γ( υ

2 )

(
1 + t2

υ

)− υ−1
2

ρ2(z) =
1

2π
3
2
ze−

z2

2
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this framework to derive the specific formula for fNIRS which is applied in NIRS-SPM:

TG(r) =

∑L
l=1

X̂l(r)
CX̂l

(r)+σ2
s(r)√∑L

l=1
1

CX̂l
(r)+σ2

s(r)

, (2.20)

where σ2
s is the between-subject variance, X̂l(r) and CX̂l

(r) denote the l-th individual-level parameter

specified by a contrast vector c and its within-subject variance (for more details, please refer to [29]).

Due to the whitening operation in the group level, the degree of freedom for the group t-map from

GLS is equal to the number of subjects minus one. Hence, if the number of subjects is not sufficient,

the degree of freedom is not large enough. Therefore, Gaussian approximation of t-field is not accurate

for the group analysis, when the number of subjects is not large, so tube formula cannot be used. In

addition, in order to match the individual and group analyses, both of the analyses should be done using

generalized least square estimation. This implies the prewhitening process is requested at individual

level, and precoloring often results in sub-optimal estimation. The main problem of prewhitening in

fNIRS analysis is that due to the length of the time series, the memory and computational costs are very

expensive. Furthermore, it was shown that precoloring is often more preferable for individual analysis

in fNIRS [29]. Therefore, in this paper the OLS-based MFX is derived to make the group-level analysis

consistent with the individual analysis in NIRS-SPM with precoloring. The detailed derivation is shown

in Appendix C. More specifically, the group-level t-statistic in OLS-based MFX can be formed as follows:

TG(r) =
cT α̂G(r)√
cTCα̂G(r)c

, (2.21)

where α̂G(r) and Cα̂G(r) are estimated group-level parameter and its covariance can be represented

using Eq. (2.9):

α̂G(r) =
1

L

L∑
l=1

α̂l(r),

Cα̂G(r) =
1

L2

L∑
l=1

(
σ2
sIM +Cα̂l(r)

)
.

The corresponding degree of freedom is given by [17, 26]:

dfG =

∑L
l=1

(
σ2
s + CX̂l(r)

)2

L2σ4
s

L−1 +
∑L

l=1

C2
X̂l(r)

dfl

,

where dfl is the degree of freedom of the individual-level t-statistic.

Another advantage of OLS comes from applying contrast vector. More specifically, as for carrying

out MFX, both NIRS-SPM and SPM apply contrast vector (for example, c = [1 0 0 0]) at individual

level for each subject, and put the contrasts of estimated individual parameters X̂l(r) = cT α̂l(r) into

second-level GLM of MFX (see Fig. 2.1(a)). This ensures that there is only one observation per subject

in the second-level analysis and the group-level parameter X̂G(r) is estimated directly. However, there

exist disadvantages in this approach. If we want to change the contrast vector (for example, to change

c = [1 0 0 0] to c = [1 1 1 0]), we should reanalyze all the individual data since the contrast vector has been

already applied at individual level. Instead of applying contrasts at individual level as X̂l(r) = cT α̂l(r),

we want to transfer the estimated individual parameters without applying contrast vector α̂l(r) into
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second-level GLM and then obtain the estimated group-level vector parameter α̂G(r). Then, we may

apply the contrast vector to obtain X̂G(r) = cT α̂G(r) (see Fig. 2.1(b)). In this case, we can change the

contrast vector at group level directly without reanalyzing all individual data. One of the advantages of

Figure 2.1: Two schemes of applying contrast: (a) first level approach (Method 1); (b)second level

approach (Method 2).

OLS-based group analysis is that the two approaches provides equivalent results, which is not the case

of GLS as shown in Table 2.2.

The group-level F -statistic can be also easily formed as follows [8]:

FG(r) =
α̂(r)T

(
RXG0

−RXG

)
α̂(r)/trace

(
RXG0

−RXG

)
α̂(r)TRXGα̂(r)/trace (RXG)

(2.22)

where RXG
= I −XGX

†
G and RXG0

= I −XG0X
†
G0

from which XG0 = XG

(
I−CC†) is the reduced

design matrix. The corresponding degrees of freedom are:

dfG1 = trace
(
RXG0

−RXG

)
,

dfG2 = trace (RXG) .

Table 2.2: The comparisons of GLS-based and OLS-based MFX in two approaches

GLS based MFX OLS based MFX

Method 1 X̂G(r) =

∑L
l=1

X̂l(r)

CX̂l(r)
+σ2

s(r)∑L
l=1

1
CX̂l(r)

+σ2
s(r)

X̂G(r) =
1
L

∑L
l=1 X̂l(r)

/ q

Method 2 X̂G(r) = cT α̂G(r) X̂G(r) = cT α̂G(r)

= cT
(
XT

GC
−1
η′ XG

)−1

XT
GC

−1
η′ α̂(r) = 1

L

∑L
l=1 X̂l(r)
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Chapter 3. Method

3.1 Behavior Protocol

Right finger tapping (RFT) experiments were chosen to verify the validity of the proposed method.

The number of subjects was seven. The data were published by [29] and the entire recording time

was 552 seconds. The experimental paradigm was composed of 21-second tapping and 30-second rest

for each subject, which was repeated 10 times. All subjects were right-handed and all had no history

of neurological disease. Participants were given instructions regarding the experimental process of the

NIRS and MRI, and all provided written informed consent. This study was approved by the Institutional

Review Board of the Korea Advanced Institute of Science and Technology (KAIST).

3.2 Data Acquisition

An NIRS instrument (Oxymon MK III, Artinis, Netherlands) with 24 channels, 8 sources, and 4

detectors was used to measure the optical density variation at two wavelengths of 781 nm and 856 nm at

a sampling frequency of 10 Hz. A holder cap to fix the distance between the optodes was attached to the

scalp around the primary motor cortex. The distance between the source and the detector was 3.5 cm.

To ensure an accurate anatomical scanning session, T1-weighted structural images were acquired using

a 3.0 T MRI system (ISOL, Republic of Korea). After the data were acquired, we converted the optical

densities to concentration changes of oxy- and deoxy-hemoglobin. We applied wavelet-MDL detrending

[10] to remove the global drift, since this approach provides more consistent and reliable detrending

results. Finally, the individual and group analyses were performed as discussed in Section 2.

3.3 Data Analysis

For individual analysis, we use NIRS-SPM toolbox to construct the individual t maps and use the

Sun’s tube formula to do the p-value correction. We also control the family-wise error rate with LKC-

based expected EC and compare its result with that of tube formula. For group analysis, we use NIRS-

SPM to construct group-level t random field, in which the GLS-based MFX is used. At the same time,

we also apply the OLS-based MFX and compare its result with that of GLS-based MFX using ROC

analysis.

In signal detection theory, a receiver operating characteristic (ROC) space is defined by false positive

rate (FPR) and true positive rate (TPR) as x and y axes (respectively), thereby depicting the relative

trade-off between true positive rate (TPR) and false positive rate (FPR):

TPR =
TP

P
,

FPR =
FP

N
,

where P is positive, N is negative, TP is true positive, and FP is false positive, respectively. Each

prediction result represents one point in the ROC space. In the statistical detection of activation in
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NIRS, this paper chooses a simultaneously recorded fMRI image (uncorrected p < 0.001) as ground

truth and applies the ROC curve to judge the activation of NIRS. In this case, the true positive (TP) is

the area where activations of fMRI and NIRS overlap; the false positive (FP) is the area which shows the

activation in NIRS but not in fMRI; the false negative is the area which shows activation in fMRI but

not in NIRS; and the true negative is the area where inactivations of fMRI and NIRS overlap. Therefore,

the sensitivity refers to how much the area where activations of fMRI and NIRS overlap takes up within

the overall area of ground truth. Hence, a low sensitivity value does not necessarily mean that most of

the activations in NIRS were outside of the ground truth; such values could be due to a small activation

area. High specificity means that very few voxels of activation in NIRS were outside of the ground truth.
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Chapter 4. Experimental Results

4.1 Individual-level t maps with Tube and expected EC correc-

tion

To compare the tube formula and EC method, first we use simulation data to compare κ0 and

L2. We construct random Gaussian residuals of length of N = 5384 with the variances equal to the

real residual of HbO for each channel, and then calculate κ0 and L2, respectively. Recall that the

channel-wise least-square residual time series refer Eq. (2.2), which corresponds to the time series after

projecting the measurements to the null-space of design matrix. In calculating κ0 and L2, we use the

same interpolation kernel as in real data assuming the equivalent imaging geometry. The results show

that κ0 = 50.5381 and L2 = 50.8717, which are nearly identical. However, when we use real HbO time

series, we find that L2 = 19.8468, whereas κ0 remains same. To explore the main causes to make L2

decrease, we first consider the temporal correlation Λl. We add temporal correlation to the simulation

data by smoothing and then calculate L2 again. However, the result is L2 = 52.4097. Hence, temporal

correlation was not the cause. Next we consider the spatial correlation. Fig. 4.1 shows the channel-wise

spatial correlation structures of channel-wise least-square residual from real measurements. We can find

that real data has spatial correlation between different channels. Unlike the mass-univariate assumption

in SPM or NIRS-SPM where each voxel has independent variance, it turns out that the least-square

residuals form different fNIRS channels are still quite correlated, maybe due to global trend or remaining

activation patterns that cannot be removed by projecting to null space of design matrix. To verify that

spatial correlation is the main cause, we added spatial correlations to the simulation data using AR(1)

process across channels with parameter ρ. Table 4.1 summarizes the values of L2 for various ρ’s. We

find that L2 decreases as the spatial correlation increases.

Figure 4.1: Spatial correlation between least-square residuals at 24 measurement channels in HbO.

Recall that the mass-univariate assumption in SPM and NIRS-SPM state that there is no spatial

correlation between different channel noises even though the temporal correlation matrix is estimated

across voxels by pulling [8]. Hence, a diagonal matrix Σl was shown in Eq. (2.11). However, since there
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exists significant spatial correlation in real residual data, we may abandon the assumption that Σl is a

diagonal matrix. Instead, the (i, j)-th element of the Σl is now calculated by

σ
(ij)2
l =

y
(i)T
l RXy

(j)
l

trace(RXΛl)
, (4.1)

to incorporate the correlation structure. Using this correlation, the result of tube formula yields κ0 =

19.8393, which is basically same as L2 = 19.8468. This indicates that whatever the reason for the

spatial correlation in the least-square residuals, we should include it to make the tube formula more

accurate. Furthermore, in calculating Eq. (2.10), we should include the non-diagonal form of Σl by

using Eq. (4.1). The effect is that overall t-values are reduced. Therefore, in the following experiments,

we modified NIRS-SPM to reflect this observation.

Next, we compare the thresholds produced by these two methods. The goal is to check the accuracy

of Sun’s tube formula which is based on approximating individual t random field as Gaussian random

field. Since only κ0 term is used in Sun’s tube formula, only L2 is included in LKC-based expected EC

method for a fair comparison.

For expected EC method, the EC density of t random field ρ2(t) is used, whereas the tube formula

uses the EC density function of Gaussian random field. Table 4.2 shows the thresholds for HbO, HbR

and HbT. As discussed before, the κ0 and L2 are nearly identical, so the difference in threshold mainly

comes from different EC density functions. As expected by theory, the threshold of LKC-based expected

EC is a little larger than that of Sun’s tube formula due to the difference in t and Gaussian field.

However, the threshold difference is so small that the activation maps produced by these two methods

are similar as shown in Fig. 4.2. Note that for both two correction methods, the activation maps are all

around the primary motor cortex. More specifically, Figs. 4.2 (a)-(c) show the activation maps of HbO,

HbR, and HbT, with p-values corrected by Sun’s tube formula (corrected p < 0.05). Figs. 4.2 (d)-(f)

show the activation maps of HbO, HbR and HbT corrected by the LKC-based expected EC (corrected

p < 0.05). In the right finger tapping task, the main target area is the primary motor cortex (BA 4).

The equivalence between tube and EC are consistently observed for other individual data (results are

not shown).

Table 4.1: Values of L2 with respect to correlation coefficient ρ

ρ L2

0 50.8717

0.1 50.0378

0.2 48.9988

0.3 47.4781

0.4 45.1554

0.5 41.6781

0.6 36.7028

0.7 30.0050

0.8 21.7198

0.9 12.7779
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Figure 4.2: Individual-level t maps: (a)-(c) Activation maps of HbO, HbR and HbT using Sun’s tube

formula (corrected p-value< 0.05), and (d)-(f) activation maps of HbO, HbR and HbT using the LKC-

based expected EC method (corrected p-value< 0.05).

4.2 Group-level t maps with OLS-based and GLS-based MFX

In this paper, the group-level t maps are constructed using OLS-based MFX in order to be consis-

tent with the individual analysis using precoloring. At the same time, the group-level t maps are also

constructed using NIRS-SPM where GLS-based MFX is used. Figs. 4.3(a)-(c) show the activation maps

from the t-test for HbO, HbR and HbT by GLS-based MFX, whereas (d)-(f) are those by OLS-based

MFX. The number of subjects is 7, and the corrected p-value is set a little bit high to p < 0.1 to compen-

sate the small number of subjects. The p-value correlation was based on expected Euler characteristics

using LKC formula.

All the activation maps of HbO and HbT are around the primary motor cortex. However, compared

to the activation area of HbO and HbT using OLS-based MFX, the activation maps of HbO and HbT

with GLS-based MFX are relatively conservative. There is no significant activation in HbR for GLS-

based MFX, while there exists significant activation in HbR for OLS-based MFX. This indicates that

OLS-based MFX is more sensitive.

The result in Fig. 4.3 illustrates that for the same corrected p-value, the activation area of OLS

is larger than that of GLS. To study this further, we carry out the ROC analysis. Fig. 4.4 shows the

Table 4.2: Comparison of L2 and κ0 and the corresponding thresholds for Sun’s tube formula and LKC-

based expected EC with ρ2(t)(corrected p-value=0.05)

κ0 L2 threshold−tube threshold−EC Difference

HbO 19.8393 19.8468 2.9710 3.0440 0.0730

HbR 33.0227 33.0266 3.1540 3.2510 0.0970

HbT 16.5739 16.6013 2.9040 2.9680 0.0640
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Figure 4.3: Group-level t maps using the LKC-based expected EC method: (a)-(c) Activation maps of

HbO, HbR and HbT using GLS-based MFX (corrected p-value< 0.1) and the degree of freedom is 6,

and (d)-(f) activation maps of HbO, HbR and HbT using OLS-based MFX (corrected p-value< 0.1); the

average degree of freedom of HbO is 11, HbR is 12 and HbT is 14.

Figure 4.4: The ROC curve of GLS and OLS estimations: ‘�’ line represents the ROC curve of OLS

with corrected p-value; the ‘⋄’ line represents the ROC curve of GLS with corrected p-value.
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ROC curves of GLS and OLS estimations. Here, the ground-truth image was obtained from fMRI with

uncorrected p-value< 0.001. For the same corrected p-value (0.01 ∼ 0.1), we can see that the sensitivity

of OLS larger than that of GLS with negligible loss of specificity.

Fig. 4.5 show the activation maps of HbO, HbR and HbT with using F statistic with LKC-based

expected EC correction method. The contrast was chosen to see the effect of canonical hemodynamic

response function (HRF). We can see that all the activation region are around primary motor cortex.

Furthermore, compared to small activation map of HbR using t statistic, the activation are of HbR using

F statistic is larger.

Figure 4.5: Group-level F maps using the LKC-based expected EC method: (a) activation map of HbO

(corrected p-value< 0.05); (b) activation map of HbR (corrected p-value< 0.05); (c) activation map of

HbT (corrected p-value< 0.05).
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Chapter 5. Discussion

In this paper, we found that the residual signals at each channel still have significant correlation,

which is different from the standard assumption in mass-univariate approach in SPM. There may be

several causes for this correlation. First, the design matrix is not sufficient to capture for all activation

pattern, so the least-square residual signals may be a biased estimate of true noise components, so they

still have synchronous signal components. To compensate for this, we may require more elaborate design

matrix to capture all temporal dynamics, which is beyond the scope of this paper. Second, the global

synchronous dynamics may exist in fNIRS due to vascular response. Recently, there are some reports

saying that fNIRS signal contains global vascular response arising from the blood flow and oxidative

metabolism [33, 34]. The fNIRS signals at different channels may be therefore highly correlated, which

may lead to high correlation in least square residuals. Finally, since the spatial resolution of fNIRS is

very low compared to fMRI, the neural activation tends to be blurring. Hence, the span of activation may

appear across large area, which may make the channels correlated in terms of the least-square residual

temporal dynamics. Note that in fMRI, even if there may exist spatial correlation between least square

residuals, it is very difficult to include the effect in variance to estimate all t-value correction, since the

number of voxels are extremely large and Σl in Eq. (2.11) is very difficult to store. Hence, the t-value

correction proposed in this paper based on comparison between the tube formula and EC methods should

be understood as unique feature for fNIRS.
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Chapter 6. Conclusion

This paper implements family-wise error rate using the LKC-based expected Euler characteristic

for both individual- and group-level analyses. We showed that the result of individual t random field

produced by Sun’s tube formula coincides with that produced by LKC-based expected EC method

by incorporating channel-wise least-square residual correlation. This provides a fNIRS unique t-value

correction method by modifying mass-univariate assumption in fMRI. For the group-level t-test, both the

generalized least square estimation and the ordinary least square estimation were studied and our results

showed that the OLS approach was sensitive than the GLS case with negligible loss of specificity, and

the reduced computational cost at individual analysis. We showed that the OLS-based group analysis is

the choice that provides consistent multi-level analysis when precoloring is used at individual level. The

results in this paper supplement the existing NIRS-SPM toolbox.
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Appendix

Appendix A

The estimations of LCK for individual and group analyses are similar but still have some differences,

so we give the estimation processes respectively.

Individual analysis

For a individual-level GLM, yl(r) = Xαl(r) + ϵl(r), the corresponding least-square residual is

rl(r) = yl(r)−XX†yl(r) = RXyl(r),

and the corresponding normalized residual is

Ql(r) = rl(r)/∥rl(r)∥ = RXyl(r)/∥RXyl(r)∥.

Let

Sl(r) = ∇Ql(r) =

[
∂Ql(r)

∂x

∂Ql(r)

∂y

]
,

where

∂Ql(r)

∂x
=

∂ RXyl(r)
∥RXyl(r)∥

∂x
=

RX
∂yl(r)
∂x ∥RXyl(r)∥ −RXyl(r)

∂∥RXyl(r)∥
∂x

∥RXyl(r)∥2

and

∂Ql(r)

∂y
=

∂ RXyl(r)
∥RXyl(r)∥

∂y
=

RX
∂yl(r)
∂y ∥RXyl(r)∥ −RXyl(r)

∂∥RXyl(r)∥
∂y

∥RXyl(r)∥2
.

As shown in Appendix B, yl(r) =
(
bl(r)

T ⊗ IN
)
yl, so

∂yl(r)

∂x
=

∂
((
bl(r)

T ⊗ IN
)
yl

)
∂x

=

(
∂bl(r)

T

∂x
⊗ IN

)
yl

∂yl(r)

∂y
=

∂
((
bl(r)

T ⊗ IN
)
yl

)
∂y

=

(
∂bl(r)

T

∂y
⊗ IN

)
yl

and

∂∥RXyl(r)∥
∂x

=
∂yT

l (r)
∂x RXyl(r) + yT

l (r)RX
∂yl(r)
∂x

2∥RXyl(r)∥

∂∥RXyl(r)∥
∂y

=

∂yT
l (r)
∂y RXyl(r) + yT

l (r)RX
∂yl(r)
∂y

2∥RXyl(r)∥
.

Since the basis function bl(r) is given explicitly, the calculation of its derivatives can be done efficiently,

so we can obtain the quantities for LKC-formula very easily.

Then, the estimation of 2-dimensional LKC of Φl is

L̂2(Φl) =
∑
r∈Φl

det(Sl(r)
′Sl(r))

1/2,
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which makes the largest contribution of the p-value approximation [23]. Since we have estimated L̂2(Φl),

assuming that the Φl is a disk, we can calculate L̂1(Φ) and L̂0(Φ) as follows [23]:

L̂0(Φ) = 1 , L̂1(Φ) = πr.

where r =

√
L̂2(Φl)/π.

Group analysis

Similar to the individual analysis, the first step is to estimate LKC. For α̂(r) = XGαG(r)+η′(r) ∈
RML , the corresponding least-square residual is

RG(r) = α̂(r)−XGX†
Gα̂(r).

and the corresponding normalized residual is

QG(r) = RG(r)/∥RG(r)∥.

Let

SG(r) = (QG(r + δ1)−QG(r),QG(r + δ2)−QG(r)) ,

where δk is the 2-vector of zeros with k-th component equal to the lattice step size along axis k, k = 1, 2.

For group analysis, the SG(r) is difficult to be expressed as a close form, therefore a numerical method

is used. Then, the estimation of 2-dimensional LKC of ΦG is

L̂G2(ΦG) =
∑
r∈ΦG

det(SG(r)
′SG(r))

1/2,

which makes the largest contribution of the p-value approximation [23]. Since we have already estimated

L̂G2(ΦG), assuming that the ΦG is a disk a short-cut for L̂G1(ΦG) and L̂G0(ΦG) is given by [23]:

L̂G0(ΦG) = 1 , L̂G1(ΦG) = πr.

where r =

√
L̂G2(ΦG)/π.

Appendix B

In [29], the individual-level GLM before interpolation is as follows:

yl = (IK ⊗X)βl + ϵl,

where K denotes the number of channels, and βl ∈ RKM are individual-level parameters for all channels.

The interpolated time series at any position r can be derived as follows:

yl(r) =
(
bl(r)

T ⊗ IN
)
yl =

(
bl(r)

T ⊗ IN
)
(IK ⊗X)βl + ϵl(r)

=
(
bl(r)

T ⊗X
)
βl + ϵl(r)

= (1⊗X)
(
bl(r)

T ⊗ IM
)
βl + ϵl(r)

= X
(
bl(r)

T ⊗ IM
)
βl + ϵl(r)

= Xαl(r) + ϵl(r),

where bl(r) is the interpolated kernel and ϵl(r) =
(
bl(r)

T ⊗ IN
)
ϵl. This implies that at any interpolated

point, the same design matrix can be used for GLM.
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Appendix C

The two-level model for the group analysis at the position r is given by

Y(r) = Dα(r) + ϵ(r), (C.1)

α(r) = XGαG(r) + η(r), (C.2)

where

XG = 1L ⊗ IM =
[
1 1 · · · 1

]T
⊗ IM ∈ RML×M

is group-level design matrix, αG(r) ∈ RM is group-level signal responses or parameters, η(r) ∈ RML

denotes the between-subject variance, respectively. Substituting Eq. (C.2) into Eq. (C.1), we can obtain

the single-level model for group analysis:

Y(r) = D (XGαG(r) + η(r)) + ϵ(r)

= DXGαG(r) + γ(r), (C.3)

where γ(r) = Dη(r) + ϵ(r) ∈ RNL and the covariance is given by

Cγ = DCηD
T +Cϵ ∈ RNL×NL. (C.4)

In “summary statistics” approach, second-level model uses the estimates of first-level parameters α̂(r).

Specifically, “summary statistics” model for group analysis is as follows:

Y(r) = Dα(r) + ϵ(r), (C.5)

α̂(r) = XGαG(r) + η′(r) ∈ RML (C.6)

where η′(r) is the equivalent residual error term.

OLS-based t-test

First, applying the ordinary least square to the single-level group analysis Eq. (C.3), the group-level

parameter estimate α̂G(r) is given by

α̂G(r) = (DXG)
†
Y(r) ∈ RM , (C.7)

and its error covariance is

Cα̂G(r) = (DXG)
†
Cγ (DXG)

†T ∈ RM×M . (C.8)

Now, for the “summary statistics” group analysis, the ordinary least square method gives the estimates

and its covariance for the first-level Eq. (C.5):

α̂(r) = D†Y(r), (C.9)

Cα̂(r) = D†CϵD
†T ∈ RML×ML. (C.10)

We also apply the ordinary least-square estimation to Eq. (C.6), which provides us the group-level

parameter estimate of the “summary statistics” approach:

α̂G(r) = X†
Gα̂(r) (C.11)

= X†
GD†Y(r) ∈ RM (C.12)
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where we use Eq. (C.9). The resulting error covariance is then given by

Cα̂G(r) = X†
GCη′X†T

G ∈ RM×M . (C.13)

In order to make “summary statistics” approach equivalent to the single-level group analysis, we should

make Eqs. (C.7) (C.8) equal to Eqs. (C.12) (C.13), respectively. Since (DXG)
†
= X†

GD† as shown in

Appendix D, it is easy to check that Eq. (C.7) is equal to Eq. (C.12). Furthermore, since Eq. (C.8) can

be rewritten as

Cα̂G(r) = X†
GD†CγD

†TX†T
G , (C.14)

the condition for the equivalence of Eq. (C.13) and Eq. (C.8) can be satisfied if and only if

Cη′ = D†CγD
†T . (C.15)

Substituting Eq. (C.4) into Eq. (C.15):

Cη′ = D† (DCηD
T
)
D†T +D†CϵD

†T

= Cη +D†CϵD
†T

= Cη +Cα̂(r), (C.16)

since D†D = IL(r) and DTD†T = IL.

Therefore, the “summary statistics” model for group analysis is given by Eq. (C.5) and Eq. (C.6) if

we assume that the noise variance for Cη′ is given by

Cη′ = Cη +Cα̂(r) (C.17)

= Cη +


Cα̂1(r) O · · · O

O Cα̂2(r) · · · O
...

...
. . .

...

O O · · · Cα̂L(r)

 ∈ RML×ML, (C.18)

Note that the adjusted second-level covariance matrix Eq. (C.18) is represented as the sum of the within-

and between-subject covariances [2].

Since the group estimate α̂G(r) and its error covariance are given by

α̂G(r) = X†
Gα̂(r), (C.19)

Cα̂G(r) = X†
GCη′X†T

G , (C.20)

using Cη = IL ⊗ σ2
sIM, we have the following simple forms:

α̂G(r) = X†
Gα̂(r)

=
1

L

L∑
l=1

α̂l(r), (C.21)

Cα̂G(r) = X†
GCη′X†T

G

=
1

L2

L∑
l=1

(
σ2
sIM +Cα̂l(r)

)
. (C.22)
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Then, a response at a particular condition as an inner product with a contrast vector is given by

X̂G(r) = cT α̂G(r)

=
1

L

L∑
l=1

X̂l(r), (C.23)

= 1†
LX̂ (r), (C.24)

where X̂l(r) is the contrast of estimated individual-level paramter and X̂ (r) = [X̂1(r) · · · X̂L(r)]
T . The

corresponding covariance is

CX̂G(r) = cTCα̂G(r)c

=
1

L2

L∑
l=1

(
cT (σ2

sIM +Cα̂l(r))c
)

=
1

L2

L∑
l=1

(
σ2
sc

T c+ CX̂l(r)

)
(C.25)

= 1†
LCω1

†T
L , (C.26)

and

Cω = CX̂ (r) + σ2
s(r)c

T cI =


CX̂1

(r) O · · · O

O CX̂2
(r) · · · O

...
...

. . .
...

O O · · · CX̂L
(r)

+ σ2
s(r)c

T cI. (C.27)

For the ordinary least square approach, a group-level t-statistic for detecting significance can be

performed by

TG(r) =
X̂G(r)√
CX̂G(r)

(C.28)

=

∑L
l=1 X̂l(r)√∑L

l=1

(
σ2
sc

T c+ CX̂l(r)

) . (C.29)

It has been shown that algebraic sum of individual random fields in Eq. (C.29) has the degree of freedom

given by [17, 26]

dfG =

∑L
l=1

(
σ2
sc

T c+ CX̂l(r)

)2

Lσ4
s(c

T c)2

L−1 +
∑L

l=1

C2
X̂l(r)

dfl

, (C.30)

where dfl is the degree of freedom for X̂l(r).

Appendix D

Our goal is to prove (DXG)† = X†
GD†. Note that

(DXG)† =
(
(IL(r) ⊗X)XG

)†
=

(
(IL(r) ⊗X)(1L(r) ⊗ IM)

)†
=

(
1L(r) ⊗X

)†
=

1

L(r)

(
1T
L(r) ⊗X†

)
.
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Second, the right side of the equation is given by:

X†
G =

1

L(r)
(1T

L(r) ⊗ IM)

D† =
(
IL(r) ⊗X

)†
= IL(r) ⊗X†

X†
GD† =

1

L(r)
(1T

L(r) ⊗ IM)
(
IL(r) ⊗X†)

=
1

L(r)

(
1T
L(r) ⊗X†

)
.

Since both sides are equal, this concludes the proof.
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