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Abstract

Optical diffusion imaging is a new imaging modality that promises great potential in applications such
as medical imaging, environmental sensing and nondestructive testing. It presents a difficult nonlinear
image reconstruction problem however. An inversion algorithm is formulated in a Bayesian framework,
and an efficient optimization technique that uses iterative coordinate descent is presented. A general
multigrid optimization technique for nonlinear image reconstruction problems is developed and applied
to the optical diffusion imaging problem. Numerical results show that this approach improves the quality
of reconstructions and dramatically decreases computation times.

Keywords: Optical diffusion imaging, Bayesian image reconstruction, generalized Gaussian Markov ran-
dom field, iterative coordinate descent, multigrid

1. Introduction

Optical diffusion imaging is a new technique that has significant potential, particularly for soft-tissue
imaging [1,2]. There also other potential applications, including imaging through smoke and dust, and
nondestructive evaluation of materials such as polymer composites. In this technique, measurements of
the light that propagates through a highly scattering medium are used to reconstruct the absorption
and/or the scattering properties of the medium as a function of position. In highly scattering media such
as tissue, the diffusion approximation to the transport equation is sufficiently accurate and provides a
computationally tractable forward model (hence the name "diffusion imaging" ). However, the inverse
problem of reconstructing the absorption and/or scattering coefficients from measurements of the scat-
tered light is highly nonlinear because of the nonlinear coupling between the coefficients and the photon
flux in the diffusion equation. Most approaches have used the Born or distorted Born iterative method
( DBIM) (e.g. Ref. 2) . However, these approaches involve approximations that can lead to slow conver-
gence and poor images [3,4]. We describe here a number of advances we have made in reconstruction
algorithms for optical diffusion imaging using Bayesian regularization and multigrid optimization that
improve speed and the quality of reconstructions.

2. Forward Problem and Bayesian Framework

In a highly scattering medium with low absorption, such as soft tissue in the 650-1300 nm wavelength
range, the photon flux density is accurately modeled by the diffusion equation [1]. In frequency domain
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Figure 1 : The region 1 to be imaged, and the source and detector boundary.

optical diffusion imaging [2], the light source is amplitude modulated at angular frequency w, and the
complex modulation envelope is measured at the detectors. The frequency domain method allows low
noise narrow-band heterodyne detection. The complex amplitude q5k (r) of the modulation envelope of
the optical flux density due to a point source at 3k satisfies the frequency domain diffusion equation

V . [D(r)Vçbk(r)] + (a(r) + jw/c)q5k(r) = -6(r - Sk), (1)

where r is position, c is the speed of light in the medium, D(r) is the diffusion constant given by
D(r) = l/3(/La(r) + (r)), where a(T) 5 the absorption coefficient, and r) is the reduced scat-
tering coefficient. We consider a two-dimensional region to be imaged that is denoted by and is
surrounded by K point sources distributed on the boundary of 1 at positions 8k, and M detectors at
positions dm (Figure 1). Although the methodology we describe can in principle be applied in the gen-
eral case of unknown absorption and scattering coefficients, for simplicity we focus on the estimation of
the absorption coefficient under the assumption that the scattering coefficient is known. The reduced
scattering coefficient ,u (r) is then assumed to be known for all points in Q, but the absorption coefficient
/a(T) in 1 is unknown. The domain Q is discretized into N pixels, where the position of the ith pixel
is denoted by r . The set of unknown absorption coefficients is then denoted by the vector x where
x = [ Pa(Ti), . . . , /ta(TN) ]T Using this notation, we express the forward model as a vector valued
function f(x), that takes on the values

f(x) = [fl(x),f2(x),... ,fp(x)]T
= [ 1(di),i(d2) . .. ,l(dM),2(dl),. . . ,K(dM) T (2)

where the number of measurements is P = KM. The measurements of the complex envelope q5 (dm) for
source k and detector 'in are denoted by Ykm, and are collected together into the vector y of length P,

iTY = { Y11,Y12, ,YI<M . 3

The image reconstruction problem is then to determine x from y. In a Bayesian framework we seek the
maximum a posteriori (MAP) estimate of x, *MAP, given by

xMAp = argmaxp(xy) = arg max{ log p(yx) + logp(x) }, (4)

Zero Flux Boundary
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where p(xly) is the posterior density of the image given the data, p(yx) is the conditional probability
density of y given x, and p(x) is the prior density for the image.

Using a measurement model of shot noise for the photon flux detected, we have shown [5] that the data
likelihood is given by

1 _________p(yx) =
(a)A(-' exp — , (5)

where the parameter ci is related to the noise variance, A is a diagonal matrix, = zHAz, and
H denotes the Hermitian transpose. As a prior model for the image we use the generalized Gaussian
Markov random field (GGMRF) model [6] , since it enforces smoothness while preserving edges. For the
GGMRF model, the density function for x is given by

p(x) =
aNz(p)

exp — —x ,
1 p 2, (6)

{i,j}E

where N denotes all sets of neighbouring groups of pixels. Furthermore, since the absorption must be
positive we also impose the constraint x � 0.

3. lCD/Born Optimization Technique

Referring to (4), (5) and (6), applying a positivity constraint, and (manually) setting the noise parameter
a, the MAP estimate for x is given by

XMAP = argmin
[

f(x)1I -x
]

. (7)- {i,j}e

Computation of the MAP reconstruction involves performing the optimization (7). We use the lCD
algorithm since it has been shown to work well with non-Gaussian prior models and is easily implemented
with a positivity constraint [7]. The lCD algorithm is implemented by sequentially updating each pixel
of the image. After every pixel has been updated, the procedure is repeated starting from the first pixel
again. We refer to a single update of every pixel in the image as a 'scan" . The lCD algorithm therefore
consists of a number of scans until some convergence criterion is satisfied. Each scan consists of N pixel
updates. Each pixel update is chosen to minimize the MAP cost function, so that the update of the
absorption value of the i-th pixel is given by

— 2
. Hy—f(xi)HA 1 pxi — argmrn +— — x1 (8)
—

jEJ\f

where *j = [x1, x2, . , x_1, , XN]T and N is the set of pixels neighboring pixel i. Note that
x2 is replaced by j before the next pixel update. A direct approach [8] to the update of equation (8) is
computationally expensive due to the highly nonlinear nature of the forward model f(x). Furthermore,
each evaluation of the function f(x) requires the solution of the full partial differential equation (1) for
each source.
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The computational cost is reduced by using the Born approximation at the beginning of each scan, and
we call this approach the lCD/Born algorithm [5]. The integer n indexes the scans of the algorithm, and
xn denotes the image after the nth scan. At the beginning of the (n + i)th scan, the approximation

Iy—f(x)H D: y —f(x7) —f'(x)Lx (9)

is used, where zx = x — x and f'(x) denotes the Fréchet derivative computed for the absorption
parameter estimate x. For the discretized domain, Jx = ja(rj) — (r) and we have shown that a
suitable approximation to the (1, i)-th element of the Fréchet derivative matrix is [4]

Dfi(dm) =
g(dm,ri)k(ri){1+ (r)+w/c}A (10)axi a(ni)+/1s(ni)

where A is the pixel area, I = M(k— 1) +m, and g(d , r1) is the Green's function for the frequency domain
diffusion equation (1). After the nth scan, f(x) and f'(xTh) are calculated by computing g(dm, r) and
cbk(r) in (10) using a linear PDE solver for the diffusion equation (1) with the uth estimate of absorption
coefficient, x. These values are then used throughout the fri + 1)th scan, in which each pixel is updated
in turn, and the new value I is given by

i - argmin
[HY

_ f(xTh) - -x)H -
] , (11)

—
jE:r\f

where [f'(xTh)] is the i-th column of the Fréchet derivative matrix. The solution to (11) can be reduced
to a linear half-interval search [5].

4. Simulations

Simulations were used to assess the performance of the lCD/Born algorithm. Twelve sources and 12
detectors are located uniformly over the boundary of a 8cm x 8cm domain, as shown in Figure 1, and
a modulation frequency of 200MHz is used. Random noise with a complex Gaussian distribution is
added to the measured flux data (average snr = 30dB). The image is discretized on a 33 x 33 grid,
and p = 10.0cm1 . The stopping criterion used was a fixed CPU time of 60 seconds (in order to
allow comparison of the algorithms) . Results are shown in Fig. 2. Comparison of the original image
(top left) with that reconstructed using a modified DBIM [4] (top right) shows a high noise level and
incorrect peak heights. For the GGMRF prior model, we used an eight-point neighborhood system, with
b_ = (2/ + 4)_i for nearest neighbors and b_ = (4/ + 4)_i for diagonal neighbors. The MAP
reconstruction computed with the lCD/Born algorithm for a Gaussian prior (p = 2, a = 1.0 x iO) is
shown in the bottom left, and the reconstruction for p = 1.1 and a = 2.3 x i0 is shown in the bottom
right. The reconstruction using the Gaussian prior (p = 2) reduces the background noise compared to
that from the DBIM, but suffers from some edge smoothing. Sharper edges and good noise suppression
are obtained for p = 1.1. Figure 3 shows the normalized root mean square error (NRMSE) in ia versus
CPU time. Note the eventual divergence of the DBIM due to insufficient regularization. Figure 3 also
shows the cost function in (7) versus iteration for the lCD/Born method with p =2.0 and p = 1.1,
showing that the method is stable and has reasonably fast convergence. A speedup by a factor of
approximately 10-20 is obtained for the lCD/Born method over the DBIM [5].
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Figure 2: Original absorption image (top left), reconstruction by a modified DBIM (top right), reconstruction by
the lCD/Born algorithm with a Gaussian prior (p = 2.0, a = 1.00 x i0) (bottom left), and reconstruction by
the lCD/Born algorithm with a GGMRF prior (p = 1.1,a = 2.31 x i0) (bottom right).
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Figure 3: Normalized root mean square error (NRMSE) versus CPU time for the lCD/Born method (with p =1.1
and p = 2) and the DBIM, and the cost function (log scale) versus iteration for the lCD/Born algorithm with
p = 1.1 and p = 2.
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5. Multigrid Inversion

A realistic optical diffusion imaging problem is three-dimensional since the photon paths are not restricted
to a plane. The formulation and results described above for two dimensions apply equally well in three
dimensions. However, the computational size of the problem increases considerably when one moves
from two dimensions to three. The three-dimensional problem has to be tackled however to address
practical imaging problems. Despite this, most current work has considered only the two-dimensional
case. Although the lCD/Born reconstruction method described above is efficient compared to previous
DBIM-based approaches, it still presents a large computational burden for practical three-dimensional
imaging. Multigrid techniques offer advantages in this regard since they tend to be computationally
more efficient than fixed grid algorithms, and they tend to be more robust with respect to the value of
hyperparameters [9].

We have developed a general multigrid optimization algorithm suitable for nonlinear image reconstruc-
tion problems, and applied it to the optical diffusion imaging problem [10,11]. This is in contrast to
conventional multigrid algorithms which are formulated to solve differential or integro-differential equa-
tions [12-15]. In this algorithm, each iteration alternates a Born approximation step with a single cycle
of a nonlinear inultigrid algorithm. At each resolution of the multigrid algorithm the lCD method is
used to optimize the solution.

The nonlinear multigrid algorithm is outlined as follows [1 1]. Let x(°) = x denote the finest grid
absorption image, and let x(k) be a coarser scale representation of x(°) with a grid spacing of . Multigrid
methods involve recursively moving between adjacent scales k and k+1, and can be described by defining,
given an approximate solution , the computation of a solution at the next coarse grid level x1)
and use of this to improve the solution xUc). In general, 1) may be computed from x(k) by some
linear transformation = (')(k) where li' is an (N/4k+l) x (N/4k) decimation matrix. The

corresponding linear interpolation matrices are denoted by li%1).

Assume we need to minimize a cost functional c()(x(k)) at scale k, and that we have an initial solution
*(k) that approximately minimizes the cost functional, i.e.

*(k) argmin {c(x)} . (12)

The objective is to compute a solution at the next coarser grid, *(k+1) , and then use this solution to
improve or correct the fine grid solution. This fine-grid correction may be done using the formula

*(k) *(k) + 1(k+i) (*(k+1) _ (k±1)(k)) (13)

In order to compute the coarse grid solution, *(k+1), we must formulate a corresponding coarse grid
optimization problem. To do this, we first choose a coarse grid cost functional, c(l) (x(k+1)) , which
we believe to be a good approximation to c()(xUc)). Of course the particular choice of this functional
is very important and depends on the details of the problem being solved. However for now, simply
assume that c(k+1) (x(1)) reasonably approximates the finer grid cost functional. To correct for possible
discretization errors, we then solve an adjusted coarse scale optimization problem

= arg mm {c1)(x1)) — r(1)x(1)l , (14)
x(k+l)�O
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where the row vector r(+1) is the so-called residual term used to partially correct the approximation
error between the coarse and fine grid cost functionals.

The question remains as to how we should choose the residual term r1 . Ideally, we would like the
following approximate equality to hold

c(xl)) _rx (k) (*(k) + F(kl) (x1) (k±1)*(k))) . (15)

In the general case, the difference between the lhs and rhs of (15) is not linear, so no choice of the row
vector U') will achieve equality. However, we can choose r1) to match the derivatives of the two
sides when 1) *(k) This condition results in the following important expression for r'

— Vc1(x) — vc(k)(*(k))) (16)—
xff(k±l)*(k) (k+1) '

where Vc(x) denotes the row vector formed by the gradient of the functional c(x).

There are three important observations to be made about (16). First, the expression holds for general
choices of the cost functionals, and the interpolation and decimation operators. Second, if the cost
functionals are strictly convex, then this choice of residual term ensures that an exact solution to the
fine scale problem is also a fixed point to the coarse scale problem. To see this, observe that for an exact
solution Vc(c)(*1)) = 0, which implies that

V (c1)(x) r1)x) (k+1) k 0 , (17)
X1[(k)

)

so that (k+1) = (k±1)(k) s a global minimum to (14). Hence the coarse grid correction (13) does not
change an exact fine scale solution. This property is critical since it ensures that the exact fine grid
solution is at least a fixed point to the final multigrid algorithm. Third, the interpolation matrix,
functions as a decimator in equation (16) since it is multiplied by the gradient vector from the left.

Multigrid optimization is implemented by recursively applying the two-grid optimization as described
above. We have used two recursions known as V-cycle and full multigrid [9] . Each of these algorithms
moves back and forth through coarse and fine resolution in a characteristic pattern as shown in Fig-
ure 4. Gradients are determined only at the finest grid. In the V-cycle algorithm, starting at the finest
resolution, the two-grid algorithm described above is applied recursively, working down to the coarsest
grid, and then working back to the finest grid, as shown in Figure 4(a). In the full multigrid scheme,
the reconstruction starts from the coarsest grid. The resulting coarsest grid solution is interpolated to
the next finer grid and used as the first approximation to the solution of the corresponding optimization
problem, which is then solved by a multigrid V-cycle. This process is repeated, interpolating the solution
from one level to the next as a first approximation and solving by a V-cycle, until the final solution is
obtained at the finest level as shown in Figure 4(b).

For application to the optical diffusion imaging problem, we use for the separable extension of the
one-dimensional decimation matrix

0000
00ii... 0000L 2 4

, (18)

0 0 0 0 ... 0
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{i,j}E
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Born approx. Born approx. Born approx.
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cx estimation a estimation
Born approx. Born approx.

(b)

Figure 4: Multigrmd inversion algorithms. Each iteration alternates a Born approximation step
with a single cycle of a nonlinear multigrid algorithm. (a) V-cycle inversion algorithm, and (b) full
multigrid inversion algorithm.

and the corresponding interpolation matrix

The coarse grid cost function and residual term are easily derived for the optical diffusion problem
and are given in [1 1]. At each resolution, the lCD optimization method as described above is used to
compute an approximate solution to the optimization. We now also consider a to be unknown, so that
the optimization problem (7) is replaced by

(19)

(20)

(21)

From (20), we can easily obtain the closed form expression for a

a =
We achieve the MAP estimate by alternately maximizing with respect to a and x using the two equations

a = y-f( (22)

* = . (23)
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6. Multigrid Simulations

Some resulis of applying this algorithm to a 129 x 129 image are described here. A larger image than
that described in Section 4 is possible because of the increased speed of multigrid methods.

The true absorption image for the first example is shown in Fig. 5 (left). The absorption coefficient
at each grid point, including the background, is considered unknown. The maximum absorption is
O.15cm1 and the background absorption is O.02cm1 . 4 is uniform with a value of 1O.0cm1 and is
considered known. Parameters of the simulation are the same as described in Section 4. The number of
grid levels used in the multigrid algorithms is determined by decimating the finest grid image with a size
of 129 x 129 pixels until we obtain a grid of 17 x 17 pixels (4 levels of resolution). A value of 1.1 was used
for p in all the reconstructions. For each cycle of the lCD algorithm, we scan through the points in a new
randomized order. A constant background with O.02cm' is used as the initial guess. Experimentation
using the multigrid algorithm showed that the solution obtained and the convergence rate depended only
weakly on the value of the GGMRF hyper-parameter a used. The value a = O.04cm1 actually best fits
the statistics of the image and this value was used for the multigrid results shown here. For the fixed
grid lCD/Born algorithm, a was estimated by (22), but the fixed grid algorithm was used to solve (23).

Figure 5: Gray scale of the absorption coefficient image (left), reconstruction by the fixed resolution lCD/Born
algorithm (center), and reconstruction by a multigrid inversion algorithm (right). Black denotes ,ua O.02cm'
and white denotes a O.l2cm'.

Convergence of the log posterior probability and the NRMSE for the full multigrid inversion algorithm
and the fixed grid lCD/Born algorithm, as a function of CPU time, are shown in Figure 6. Note
the significant computational saving of the multigrid algorithms over the fixed grid lCD/Born method.
The full multigrid inversion algorithm converges at an early stage of the iterations. It was found that
convergence of the fixed grid algorithm with a =O.04cm1 was impractically slow, but using a value of
a = O.1cm1 gave better convergence (Fig. 6). The reconstructions using the fixed grid and full multigrid
algorithms are shown in Figure 5. In this case, the full multigrid algorithm produces a more accurate
reconstruction. The number of iterations and CPU times for the reconstructions shown in Figure 5 are
listed in Table 1.

A variety of absorption cross-sections are shown in Figure 7, and their reconstructions using the full
multigrid algorithm in Figure 8. In all cases ,a'(r) = 1O.0cm1, the peak value of the absorption
coefficient is O.08cm1, and the background is ta(r) =O.02cm'. The reconstructions are for 10 cycles
of the full multigrid inversion algorithm using p = 1.1 and a = 0.02cm1. The NRMSE and CPU times
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Table 1: Performance of the fixed grid and multigrid algorithms (Figure 5).

ethod
Fixed grid

a Iterations CPU time (sec)

0.1 1000 8900

Full multigrid 0.04 200 4100

Figure 6: (a) Log posterior probability and (b) NRMSE as a function of CPU time.

are listed in Table 2. The reconstructions are quite accurate quantitatively and qualitatively, and have
a small computational burden.

7. Conclusions

Optical imaging of highly scattering media with light offers a potentially powerful, flexible and inex-
pensive imaging modality. However, it represents a computationally demanding nonlinear image recon-
struction problem. By formulating the problem in a Bayesian framework, and incorporating a multigrid
algorithm with iterative coordinate descent optimization, we have been able substantially improve the
quality of reconstructed images and increase the speed by at least a factor of 100 over conventional DBIM

Table 2: NRMSE and CPU time for the examples of Figure 8 after 10 cycles of the full multigrid inversion
algorithm

(a) (b) (c) (d) (e) (f)

NRMSE 0.030 0.070 0.055 0.195 0.208 0.217

CPU time (sec) 221 224 236 239 234 223
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methods. These advances promise to open the door to practical three-dimensional optical imaging of
highly scattering media.
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